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Disclaimer

o Title suggests group theory...

@ The topic itself has some really nice group-theoretic results
(Wielandt's theorem, subnormal groups,...).
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Disclaimer

o Title suggests group theory...
@ The topic itself has some really nice group-theoretic results
(Wielandt's theorem, subnormal groups,...).

e But! It's all a lie and my presentation consist mostly of
transfinite constructions, brute force set theoretic arguments,
and one really lame joke.

Hrbek

Michal The automorphism tower of a group



Disclaimer

o Title suggests group theory...

@ The topic itself has some really nice group-theoretic results
(Wielandt's theorem, subnormal groups,...).

e But! It's all a lie and my presentation consist mostly of
transfinite constructions, brute force set theoretic arguments,
and one really lame joke.

@ You've been warned.
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.

Any element of g € G induces an automorphism ¢, by the
following recipe:

1g(h) = ghg™*.
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.
Any element of g € G induces an automorphism ¢, by the
following recipe:

1g(h) = ghg™*.

Automorphisms arising this way form are called inner
automorphisms and form a subgroup Inn(G) of Aut(G).
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.
Any element of g € G induces an automorphism ¢, by the
following recipe:

1g(h) = ghg™*.

Automorphisms arising this way form are called inner
automorphisms and form a subgroup Inn(G) of Aut(G).
The center of a group G is a subgroup of G consisting of all
elements commuting with any other element of G.
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.
Any element of g € G induces an automorphism ¢, by the
following recipe:

1g(h) = ghg™*.

Automorphisms arising this way form are called inner
automorphisms and form a subgroup Inn(G) of Aut(G).
The center of a group G is a subgroup of G consisting of all
elements commuting with any other element of G.

Z(G)={he G| hg =ghforall g e G}
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Group automorphisms, center

Let G = (G,-,7!,1) be a group. Recall that an automorphism of a
group is a bijection G — G which is a homomorphisms, and that
the set of all automorphisms Aut(G) forms a group, where the
operation is their composition - an automorphism group of G.
Any element of g € G induces an automorphism ¢, by the
following recipe:

1g(h) = ghg™*.

Automorphisms arising this way form are called inner
automorphisms and form a subgroup Inn(G) of Aut(G).
The center of a group G is a subgroup of G consisting of all
elements commuting with any other element of G.

Z(G)={he G| hg =ghforall g e G}
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Centerless groups

Definition
Group G is called centerless if Z(G) = 1.
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Centerless groups

Definition

Group G is called centerless if Z(G) = 1.

An easy computation shows that for any ¢ € Aut(G) and any
g € G we have:

potLgo gp_l = ly(g)-

In particular, Inn(G) is normal in Aut(G), and:

If G is centerless, then Aut(G) is centerless too.
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The automorphism tower of a centerless group

Given a group G, we always have a group homomorphism
76 1 G — Aut(G) defines as follows:
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The automorphism tower of a centerless group

Given a group G, we always have a group homomorphism
76 : G — Aut(G) defines as follows:

T6(8) = Lg-

It is easily seen that Ker(wg) = Z(G), and thus 7¢ is an
embedding whenever G is centerless.
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The automorphism tower of a centerless group

Given a group G, we always have a group homomorphism
76 : G — Aut(G) defines as follows:

T6(8) = Lg-

It is easily seen that Ker(wg) = Z(G), and thus 7¢ is an
embedding whenever G is centerless. By the previous Lemma,
Aut(G) is centerless too, and thus iterating this process yields a
sequence of embeddings:

TAut(G) T Aut(Aut(G)

G <5 Aut(G) —— Aut(Aut(G))
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The automorphism tower of a centerless group

Given a group G, we always have a group homomorphism
76 : G — Aut(G) defines as follows:

T6(8) = Lg-

It is easily seen that Ker(wg) = Z(G), and thus 7¢ is an
embedding whenever G is centerless. By the previous Lemma,
Aut(G) is centerless too, and thus iterating this process yields a
sequence of embeddings:

TAut(G) T Aut(Aut(G)
N ...

G <5 Aut(G) —— Aut(Aut(G))

This is the automorphism w-tower of G.
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The automorphism tower of a centerless group

Given a group G, we always have a group homomorphism
76 : G — Aut(G) defines as follows:

T6(8) = Lg-

It is easily seen that Ker(wg) = Z(G), and thus 7¢ is an
embedding whenever G is centerless. By the previous Lemma,
Aut(G) is centerless too, and thus iterating this process yields a
sequence of embeddings:

TAut(G) T Aut(Aut(G)
N ...

G <5 Aut(G) —— Aut(Aut(G))

This is the automorphism w-tower of G.
Does it terminate? Denoting the n-th term in this sequence by G,
is there n < w such that 7g, : Aut(G,) — G, is an isomorphism?
That is, Inn(G,) = Aut(G,).
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Finite centerless case

Theorem (Wielandt (1939))

For any finite centerless group G, the w-automorphism tower of R
terminates.
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Finite centerless case

Theorem (Wielandt (1939))

For any finite centerless group G, the w-automorphism tower of R
terminates.

Examples:
7Tn
Sp % AUE(S,) = Sp <> -+ ,n > 6,
Ap <ty Sy S =Sy s oe 0> 6,
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Finite centerless case

Theorem (Wielandt (1939))

For any finite centerless group G, the w-automorphism tower of R
terminates.

Examples:
Sn 5 AUt(Sp) = Sp <> -+ ,n > 6,

7I'An TI'sn
Ap—S,~—S5,=S5,—~---,n>6,

But! Let Dy = (x,y | x> = y?> = 1), then Aut(Dy) ~ Do, but
Inn(Dse) # Aut(Dag)!!
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Finite centerless case

Theorem (Wielandt (1939))

For any finite centerless group G, the w-automorphism tower of R
terminates.

Examples:
Sn 5 AUt(Sp) = Sp <> -+ ,n > 6,

Anﬂgsnﬂsnzsn(_)”' 7n>67
But! Let Dy = (x,y | x> = y?> = 1), then Aut(Dy) ~ Do, but
Inn(Dso) # Aut(Doo)!!
Dy — Doy > Dog = -+,
does not terminate at finite step.

Hrbek

Michal The automorphism tower of a group



Automorphism tower of a centerless group

Let G be a centerless group. The automorphism tower of G is a
sequence of groups G, for each ordinal a constructed as follows:
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Automorphism tower of a centerless group

Let G be a centerless group. The automorphism tower of G is a
sequence of groups G, for each ordinal a constructed as follows:

OG():G
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Automorphism tower of a centerless group

Let G be a centerless group. The automorphism tower of G is a
sequence of groups G, for each ordinal a constructed as follows:

L Go =G
o If a+ 1 is succesor, we look at mg, : G, — Aut(G,). Then

we let G,41 be a group isomorphic to Aut(G,), which
contains G, as a normal subgroups in a way that:

Go — Aut(Gy)

H 5

C
Go ——  Gat1

(In other words, we identify G, with Inn(G,).)
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Automorphism tower of a centerless group

Let G be a centerless group. The automorphism tower of G is a
sequence of groups G, for each ordinal a constructed as follows:

L Go =G
o If a+ 1 is succesor, we look at mg, : G, — Aut(G,). Then

we let G,41 be a group isomorphic to Aut(G,), which
contains G, as a normal subgroups in a way that:

Go — Aut(Gy)

H 5

C
Go ——  Gat1

(In other words, we identify G, with Inn(G,).)

o If Ais a limit ordinal, we let G\ = [J,) Ga. Since Z(G),), we
can continue this way ad nauseum.
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We say that the automorphism tower of a centerless group G
terminates at step a if G, = Go41 (and thus Gg = G, for all
B > ). In other words, G, is a complete group - each
automorphism of it is inner.
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We say that the automorphism tower of a centerless group G
terminates at step a if G, = Go41 (and thus Gg = G, for all
B > ). In other words, G, is a complete group - each
automorphism of it is inner.

Theorem (Thomas, 1985)

The automorphism tower of any centerless group G terminates at
some step a, where o < (2/¢1)*.
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We say that the automorphism tower of a centerless group G
terminates at step a if G, = Go41 (and thus Gg = G, for all
B > ). In other words, G, is a complete group - each
automorphism of it is inner.

Theorem (Thomas, 1985)

The automorphism tower of any centerless group G terminates at
some step a, where o < (2/¢1)*.

Recall that if % is a cardinal number, then kT denotes its succesor
- a smallest cardinal bigger than k. If you believe in the
Generalized Continuum Hypothesis, this boiles down to k™ = 2.
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The proof consists of two steps. Let A = (2/¢))*.
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Proof of Thomas's theorem

The proof consists of two steps. Let A = (2/¢/)*.
O Algebra: Show that |G,| < 2/l for each o < .
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Proof of Thomas's theorem

The proof consists of two steps. Let A = (2/¢/)*.

O Algebra: Show that |G,| < 2/l for each o < .
“G) is a union of less than A groups consisting of less than A
elements”
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Proof of Thomas's theorem

The proof consists of two steps. Let A = (2/¢)*,

@ Algebra: Show that |G,| < 2/l for each a < .
“G) is a union of less than A groups consisting of less than A
elements”

@ Set theory: Use this to prove Inn(Gy) = Aut(Gy) by a form of
Fodor’'s Lemma.
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Proof of Thomas's theorem

The proof consists of two steps. Let A = (2/¢/)*.

O Algebra: Show that |G,| < 2/l for each o < .
“G) is a union of less than A groups consisting of less than A
elements”

@ Set theory: Use this to prove Inn(Gy) = Aut(G)) by a form of
Fodor's Lemma.
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

@ Since p is in the normalizer of G, we have
Y6 = P € Aut(G) = Gj.
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

@ Since p is in the normalizer of G, we have
Y6 = (NS AUt(G) = Gi.

e Dirty trick: This yields p o1 ~! € Cg, (G) = 1. Therefore,
p=1Y € Gy.
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

@ Since p is in the normalizer of G, we have
Y6 = (NS AUt(G) = Gi.

e Dirty trick: This yields p o1 ~! € Cg, (G) = 1. Therefore,
p=1Y € Gy.

e Together: Ng_(G) = G; for all o > 0.
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

@ Since p is in the normalizer of G, we have
Y6 = (NS AUt(G) = Gi.

e Dirty trick: This yields p o1 ~! € Cg, (G) = 1. Therefore,
p=1Y € Gy.

e Together: Ng_(G) = G; for all o > 0.

Which means: [Gay1: Gi] = [{gGg™! | g € Gar1}l-

(]
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

@ Since p is in the normalizer of G, we have
Y6 = (NS AUt(G) = Gi.

e Dirty trick: This yields p o1 ~! € Cg, (G) = 1. Therefore,
p=1Y € Gy.

e Together: Ng_(G) = G; for all o > 0.

Which means: [Gay1: Gi] = [{gGg™! | g € Gar1}l-

[Gat1 @ G1] < |Ga]lCl.

(]
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1. Algebra (more or less)

@ By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

e Pick an element p € N, (G) = {g € G, | gGg~! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .
@ Since p is in the normalizer of G, we have
Y=Y € Aut(G) = Gi.
e Dirty trick: This yields p o1 ~! € Cg, (G) = 1. Therefore,
p=1Y € Gy.
Together: Ng_(G) = G; for all o > 0.
Which means: [Gay1: Gi] = [{gGg™! | g € Gar1}l-
[Gat1 @ G1] < |Ga]lCl.
® [Gar1| < (G| - [Gal'®l = | Gal®.

e o6 o
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1. Algebra (more or less)

e o

By transfinite induction, it is easy to prove that
Ce,(G)={g € G, | gh= hg forall he G} =1.

Pick an element ¢ € Ng,(G) = {g € G, | gGg ! = G}.
Consider ¢ as an automorphism of Gg, for some 5 < .

Since ¢ is in the normalizer of G, we have

Y=Y € Aut(G) = Gi.

Dirty trick: This yields ¢ 09! € Cg,(G) = 1. Therefore,
p=1Y € Gy.

Together: Ng_(G) = G; for all o > 0.

Which means: [Gay1: Gi] = [{gGg™! | g € Gar1}l-
[Gat1 @ G1] < |Ga]lCl.

|Gat1] < |Gil - 1Ga[1! = |Ga €.

Numerology: |G,| < 2/¢l.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor kT is regular.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor k™ is regular. That is, it cannot be obtained as a

union of < kT sets of cardinality < xT.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor k™ is regular. That is, it cannot be obtained as a

union of < kT sets of cardinality < xT.
o Let A = (2/°)* and ¢ € Aut(Gy). We show that ¢ is inner.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor k™ is regular. That is, it cannot be obtained as a
union of < kT sets of cardinality < x*.

o Let A = (2/°)* and ¢ € Aut(Gy). We show that ¢ is inner.

o Put U={a < A |y, €Aut(Gy)}.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor k™ is regular. That is, it cannot be obtained as a
union of < kT sets of cardinality < x*.

o Let A = (2/°)* and ¢ € Aut(Gy). We show that ¢ is inner.
o Put U={a < A |yq, €Aut(G,)}. Notice that U is

unbounded in A, i.e. for each 8 < A there is & € U such that
OB <a<A.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor k™ is regular. That is, it cannot be obtained as a
union of < kT sets of cardinality < x*.
o Let A = (2/°)* and ¢ € Aut(Gy). We show that ¢ is inner.
o Put U={a < A |yq, €Aut(G,)}. Notice that U is
unbounded in A, i.e. for each 8 < A there is & € U such that
OB <a<A.
@ By the construction, ¢;g, € Aut(Gy) >~ Gay1 = Inn(Gay1).
Therefore, there is g, € Go41 such that 6, = 14,16, for
each a € U.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor kT is regular. That is, it cannot be obtained as a
union of < kT sets of cardinality < x*.

o Let A = (2/°)* and ¢ € Aut(Gy). We show that ¢ is inner.

o Put U={a < A |yq, €Aut(G,)}. Notice that U is
unbounded in A, i.e. for each 8 < A there is & € U such that
OB <a<A.

@ By the construction, ¢;g, € Aut(Gy) >~ Gay1 = Inn(Gay1).
Therefore, there is g, € Go41 such that 6, = 14,16, for
each a € U.

e Dirty trick again: ¢g, © Lgﬂl € C6,(G) =1, and so g, = gg for
any o, 8 € U.
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2. Set Theory

The only thing from set theory we really need: For any cardinal «,
its succesor kT is regular. That is, it cannot be obtained as a
union of < kT sets of cardinality < x*.

Let A = (2/°* and ¢ € Aut(Gy). We show that ¢ is inner.
Put U= {a < X|y¢jc, € Aut(G,)}. Notice that U is
unbounded in A, i.e. for each § < A there is a € U such that
OB <a<A.

By the construction, ¢;g, € Aut(Gy) >~ Gay1 = Inn(Gay1).
Therefore, there is g, € Go41 such that 6, = 14,16, for
each o € U.

Dirty trick again: ¢g, © Lgﬂl € C6,(G) =1, and so g, = gg for
any o, 8 € U.

Since U is unbounded, we conclude that ¢ = ¢, (for any

a € U), and thus is inner.
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Automorphism tower of general group

Let G be any group. The automorphism tower of G is a sequence
of groups G, and maps 7, for all ordinals « defined inductively as
follows:
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Automorphism tower of general group

Let G be any group. The automorphism tower of G is a sequence
of groups G, and maps 7, for all ordinals « defined inductively as
follows:

OGOZG
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Automorphism tower of general group

Let G be any group. The automorphism tower of G is a sequence
of groups G, and maps 7, for all ordinals « defined inductively as
follows:

OGQZG

@ For succesor steps, we let
To = TG, : Go — Aut(Gy) =: Gayi1.

(Note that 7, can now be non-injective).
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Automorphism tower of general group

Let G be any group. The automorphism tower of G is a sequence
of groups G, and maps 7, for all ordinals « defined inductively as
follows:

OGQZG

@ For succesor steps, we let
To = TG, : Go — Aut(Gy) =: Gayi1.

(Note that 7, can now be non-injective).

@ For limit steps, we let

Gy = |i

o

3

Ga,

2

the direct limit of the direct system (Gq, 7o | a0 < A).
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Zg — Loy X Lo —>S3— 53— -
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Examples

7 —Zp —1—1—.--,

Zg — Zp XLy —>S3— S3— -+

Example of a finite groups, for which the tower terminates only
after w + 1 steps!

Dg —-Dg—Dg— - —7Zp—1
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Examples

7 —Zp —1—1—.--,

Zg — Zp XLy —>S3— S3— -+

Example of a finite groups, for which the tower terminates only
after w + 1 steps!

Dg —-Dg—Dg— - —7Zp—1

Example of a countable group G for which | Aut(G)| = 2“, and
| Aut(Aut(G))| = (2¥)~!

1
P z[=] = 2° x 75 — Aut(Z”) x GL(V).
peP p
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Given an arbitrary group G, we say that the automorphism tower
G, T, terminates if there is an ordinal A such that G) is complete.
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Given an arbitrary group G, we say that the automorphism tower
G, T, terminates if there is an ordinal A such that G) is complete.

Theorem (Hamkins, 1998)

The automorphism tower of any group eventually terminates.
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Given an arbitrary group G, we say that the automorphism tower
G, T, terminates if there is an ordinal A such that G) is complete.

Theorem (Hamkins, 1998)

The automorphism tower of any group eventually terminates.

Proof.

@ By Thomas's theorem, it is enough to show that there is A
such that G, is centerless.

Hrbek
Michal The automorphism tower of a group



Given an arbitrary group G, we say that the automorphism tower
G, T, terminates if there is an ordinal A such that G) is complete.

Theorem (Hamkins, 1998)

The automorphism tower of any group eventually terminates.

Proof.

@ By Thomas's theorem, it is enough to show that there is A
such that G, is centerless.

@ By the way direct limits work, we have for each o < 3 a
canonical map 7, 3 : Go — Gg satisfying
i = 115 © Moy
and
T8y © Ta,f = Ta,y

whenever o < 8 < 7.
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@ For each ordinal «, define

Ho = {g € Go | ma,5(g) = 1 for some 3 > a}.
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@ For each ordinal «, define
Ho = {g € Go | o p(g) =1 for some 3 > a}.

“Take what will eventually appear in the center (and thus gets
killed)”
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Proof.
@ For each ordinal «, define

Ho = {g € Go | ma,5(g) = 1 for some 3 > a}.

“Take what will eventually appear in the center (and thus gets
killed)”

e For each g € H,, define

Bg = min{f | 7a,5(g) = 1}.
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Proof.
@ For each ordinal «, define

Ho = {g € Go | ma,5(g) = 1 for some 3 > a}.

“Take what will eventually appear in the center (and thus gets
killed)”

e For each g € H,, define

Bg = min{f | 7a,5(g) = 1}.

“Look at what's the exact point when it gets killed"
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Proof.
@ For each ordinal «, define

Ho = {g € Go | ma,5(g) = 1 for some 3 > a}.

“Take what will eventually appear in the center (and thus gets
killed)”

e For each g € H,, define

Bg = min{f | 7a,5(g) = 1}.

“Look at what's the exact point when it gets killed"

@ For each ordinal «, define

f(a) = sup fg.
gEHa
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Proof.
@ For each ordinal «, define

Ho = {g € Go | ma,5(g) = 1 for some 3 > a}.

“Take what will eventually appear in the center (and thus gets
killed)”

e For each g € H,, define

Bg = min{f | 7a,5(g) = 1}.

“Look at what's the exact point when it gets killed"

@ For each ordinal «, define

f(a) = sup fg.
gEHa

“Look at what's the earliest point everybody, who gets killed
eventually, gets killed”

Hrbek —

Michal The automorphism tower of a group



e Notice: a < f(a) < f(5) whenever a < 3.
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e Notice: a < f(a) < f(5) whenever a < 3.
o Standard cheat: Iterate!!!!
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e Notice: a < f(a) < f(5) whenever a < 3.

@ Standard cheat: Iterate!!ll Define a strictly increasing
sequence A,, n < w inductively:

Ao =0 & Apr1 = F(An).
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e Notice: a < f(a) < f(5) whenever a < 3.

@ Standard cheat: Iterate!!ll Define a strictly increasing
sequence A,, n < w inductively:

Ao =0 & Apr1 = F(An).

This gives us f(a) < A for any ao < A by the monotony of f.
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e Notice: a < f(a) < f(5) whenever a < 3.

@ Standard cheat: Iterate!!ll Define a strictly increasing
sequence \,, n < w inductively:

Ao =0 & Apr1 = F(An).

This gives us f(a) < A for any ao < A by the monotony of f.

@ The desired point of centerlessness (??7) is A = sup,, An.
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e Notice: a < f(a) < f(5) whenever a < 3.

@ Standard cheat: Iterate!!ll Define a strictly increasing
sequence \,, n < w inductively:

Ao =0 & Apr1 = F(An).

This gives us f(a) < A for any ao < A by the monotony of f.
@ The desired point of centerlessness (??7) is A = sup,, An.
o Why? If g € Z(G)\), then 1 = 7T)\’)\+1(g) = 7T)\(g).
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Proof.
e Notice: a < f(a) < f(5) whenever a < 3.

@ Standard cheat: Iterate!!ll Define a strictly increasing
sequence \,, n < w inductively:

Ao =0 & Apr1 = F(An).

This gives us f(a) < A for any ao < A by the monotony of f.
@ The desired point of centerlessness (??7) is A = sup,, An.
o Why? If g € Z(G)\), then 1 = 7T)\’)\+1(g) = 7T)\(g).

@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = 7Ta’)\(h).
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@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:
g = ﬂa’)\(h).
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@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = ﬂa’)\(h).

o Compute:

Tar+1(h) = Taat1 0 Tan(h) = maxt1(g) =1
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@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = 7Ta’)\(h).

o Compute:

Tar+1(h) = Taat1 0 Tan(h) = maxt1(g) =1

@ By the definition, this shows h € H,.
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@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = 7Ta’)\(h).

o Compute:

Tar+1(h) = Taat1 0 Tan(h) = maxt1(g) =1

@ By the definition, this shows h € H,. “h gets killed
eventually”
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@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = 7Ta’)\(h).

o Compute:
Tar+1(h) = Taat1 0 Tan(h) = maxt1(g) =1

@ By the definition, this shows h € H,. “h gets killed
eventually”

@ Therefore 7, f(o) = 1!
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Proof.
@ Since A is limit, g has to be an image of h € G, for some
a < X under the limit maps:

g = ﬂa’)\(h).

o Compute:

Tar+1(h) = Taat1 0 Tan(h) = maxt1(g) =1

@ By the definition, this shows h € H,. “h gets killed
eventually”

@ Therefore m, f(o) = 1! “f(a) is the moment everybody from
H, gets killed”
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@ Therefore 7, f(o) = 1! “f(a) is the moment everybody from
H,, gets killed”
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@ Therefore 7, f(o) = 1! “f(a) is the moment everybody from
H,, gets killed”

o Compute:

g = 7ra,)\(h) = Tf(a),\ © 7Toz,f(oc)(h) = ﬂ-f(a),)\(]') =1
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@ Therefore 7, f(o) = 1! “f(a) is the moment everybody from
H,, gets killed”

o Compute:

g = 7ra,)\(h) = Tf(a),\ © 7Toz,f(oc)(h) = ﬂ-f(a),)\(]') =1

@ And so, Z(Gy) =1, as desired.
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@ Therefore 7, f(o) = 1! “f(a) is the moment everybody from
H,, gets killed”
o Compute:

g = ’/Ta,)\(h) = Tf(a),\ © 7Toz,i"(o«c)(h) = ﬂ-f(a),)\(]') =1

@ And so, Z(Gy) =1, as desired.
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