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PDE1, WS 2018-2019

Written exam

February 6, 2019

Each step must be carefully justified. If you use some lemma or theorem do not forget to check
that all assumptions are satisfied.

Name:
Question 2 3 Score
Maximum points 100 100 200

Points

1. Define the notion of C*¢ set .

Solution:

See lecture.
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[100] 2. Formulate and prove the integration by parts formula in Bochner spaces, i.e., finish the

following line
T
/ (Opu,v) dt = ...,
0

specify assumption on V and prove it. Check that everything is well defined!

Solution:

The required theorem is following: Let V, H, V* be the Gelfand triplet and p € (1,00).
Assume that u,v € LP(0,T;V) and Oiu, 0w € LP (0,T;V*). Then u,v € C([0,T]; H)
and

T T
/ (Oru, v)v dt = —/ (Oro, uy dt + (w(T),v(T)) i — (u(0),v(0))n-
0 0

Proof: see lecture.
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[100] 3. Let © := B4(1,0,...,0) C R% Assume that g € Co(B1(0);R?), f € L*(Q) and consider the
problem

—Au(zx) + Zgi z 1 hei) —ulz) =f(z) inQ,
(Pn)

20% Consider h € (0,1) and define the notion of weak solution.

40% Show that there exists e > 0 such that if ||g||c < & then the above problem has a unique
weak solution for every h € (0, 1)

40% Consider a sequence of weak solutions uy, to a problem (P). Find an elliptic problem
(P) with unique solution u and show that u, — u in a proper topology.

Solution:
Weak solution: First of all we define V := W;%(Q). Next, we set ug(x) := Tﬁd), where

7 is a smooth function fulfilling 7 = 0 in B1(0), 7 = 1 in R%\ By(0). Then evidently ug
is a smooth function and ug(z) = |z|~¢ for all x € 9. We say that u is a weak solution
to (Py) if (uw —ug) € V and for all ¢ € V there holds

IRZEREE +Zgz @ =M e )

Since ¢ is compactly supported in Bj, all integrals are well defined. Moreover, since
h > 0 it follows directly from the Holder inequality that all integrals are finite.

Existence and Uniqueness: We define the bilinear form

u(x + he;) — u(z
B(u,p) ::/Vu +297 h) (@)

Then to find a weak solution to (Pj) is equivalent to finding v € V' such that

(v, ) / flx B(uo, ). (2)

/ f(x B(uo, ¢)

Moreover, we show that the norm of F' can be estimated uniformly with respect to h.
Indeed,

Next, we define F' € V* by formula

I1E

Holder
v+ = sup /f(x)v?(fﬂ)*B(uO,so) < sup ([[fll2llullz + [[uollc=llgll2ll¢ll2)
lell<t /2 llell<1

< || fll2 + lluolle=llgll2-

3)
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Finally, we show that the form B is V-elliptic and V-bounded, which will lead to the
existence and uniqueness of a weak solution thanks to the Lax-Milgram theorem. To do
so, we first estimate the term with g. We use the Holder inequality to get (recall that g
is supported in By)

/Zgz x—l—he};)— u(z)

Using the following inequality (stated at the lecture - characterization of Sobolev functi-

ons)
u(z + he;) — u(x)]? 5
< ||V
/Bl(o) 72 < U||L2(BQ(0))7

‘/Zgz x—i—he};)— u(z)

Thus, using (4) and the Hélder inequality, we have

d

< lglelielle 3 ( [ loxte ulo )

=1

we deduce

< d|\gllllell2lVulla- (4)

|B(v, )| < [Voll2IVell2 + dllgllec el Vollz < Clloflvllellv

with C' being independent of h. Thus, B is V-bounded. Concerning ellipticity, we first
recall the Poincaré inequality valid for all v € V'

IVoll3 > exllvlly, (®)

and set € := §4. Then assuming that [|g|lc <€, we deduce by using (4) and (5) that
2 2 CLy 02
B(v,v) 2 [IV]lz = dlgllllvll2[VVllz = [[olly (e1 = dllglloc) = Il

and so B is V-elliptic.

Convergence h — 0;: We denote wuy, the solution of (Pp), which exists thanks to to
the previous step. Moreover, it also follows from the previous step that there exists a
constant C' independent of h such that

lunllhie <C flun —uollv < C. (6)

Since V is reflexive, it follows from (6) that we can extract a subsequence u,, (correspon-
ding to h, and n := h,;!) and we can find u such that

up — u weakly in WH2(0Q), Uy — Ug — u — ug weakly in V

In addition, thanks to the compact embedding the above sequence can be chosen such
that
|, — ullz2 = 0 as n — 0o (7)

Let us now consider the weak formulation (1) for h,, with ¢ € C§°(£2)

/Vun V(e +Zgl ”hhe /f (8)
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Next, we pass to the limit in both terms on the left hand side. In the first one, we use
the fact that ¢ € C§° and then we can use the definition of weak derivative to get

lim | Vu, -Vep=— hm unAgp = —/ uAp — lim | (u, —u)Ap
Q

n—oo [ n—o0 Jq
Vu Vo— lim [ (u, —u)Ap,
n—oo 0

where for the last identity we used the definition of weak derivative. Finally, using (7)
and the Holder inequality, we have

lim ‘/(u”—u)Aap’ < lim up, — ull2fl¢ll22 =0
Q n— o0

n—oo

and therefore, we can conclude

lim Vun Vo = / Vu - V. (9)
Q

n—oo

To identify also the second limit on the left hand side of (8), we first deduce that for
arbitrary q € C}(B1(0))

Un (T + hpe;) — upn(z) q(z — hye') — q(z)

A, J 1) hn B
— hpe') — . — hpe') —
= lim / alx ¢) —q(=) u(z) + lim / alx ¢) —q(=) (un(x) —u(z)).
n—oo o hy, n—oo o hy,
Since ) 5
B hn ‘) — . . a)
alz hen) a(z) - — ;S) uniformly in C(£2)
we can use the Lebesgue dominated convergence theorem and (7) to conclude that
) Un (T + hne;) — un(x) 0q ou
1 ) 164 n _ s 10
J [ a() » Lont = ) 9 (10)

where for thesecond equality we used again the definition of weak derivative.
Finally, since g; € Co(B1(0)), we can for all § > 0 find g € C4(B1(0)) such that

lg: = gl < 0. (11)
Then we also have that gdp € C}(B1(0)) and we may compute

i gi(l‘)@(l‘) (un(ac + hnhe:) —un(z) 8;3(5))‘
_ Hfgsogp‘/ @) — o(a) (un(:c+h,;le;) —un(z) 8;9(:;))’
+ lim /Q 9! (2)p(=) (un(m - hr}z) el &é;a(:f)) '

(10 lim sup
n—oo

/Q(gi(fl?) = eolw) (un(x + m,;:) —up(z) 3;3(3?)))

, (11)
< limsup [|gi — g7 [loc [ @ll2(| Vunll2 + [|Vull2) < C3
n—oo
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Since § is arbitrary we have

/Qgi(x)w(x) (un(m i hnhe;) —un(z) 8;55))‘ =0

lim
n—oo

Therefore, we can let n — oo in (8) to conclude that for all ¢ € C3°(€2) there holds

d
ou
/QVU-V(,D-F;Q%P&M —/Qf(w)so(w)~ (12)

Since Cg°(2) is dense in V' we see that (12) is valid also for all ¢ € V. Therefore u is a
weak solution to
—Au+g-Vu=f in Q,

(P)

u on 0f).

~ Jal

Moreover, using the same procedure as above we see that the solution u to (P) is unique.
Therefore even the whole sequence u;, must converge to u.




