
Př́ıklady na 13. a 14. týden

Parciálńı diferenciálńı rovnice

Rovnice vedeńı tepla

1. Nalezněte řešeńı rovnice vedeńı tepla

∂u

∂t
−∆u = 0, x ∈ RN

splňuj́ıćı počátečńı podmı́nku:
a) u(0, x) = x2 cos(β, x), β ∈ RN

b) u(0, x) = e−αx
2

cos(β, x), α > 0, β ∈ RN

2. Nalezněte řešeńı rovnice vedeńı tepla

∂u

∂t
− ∂2u

∂x2
= 0, x ∈ R+

splňuj́ıćı počátečńı a okrajovou podmı́nku

u(t, 0) = 0, t > 0, u(0, x) = U0 = const, x > 0.

3. Nalezněte řešeńı rovnice vedeńı tepla

∂u

∂t
−∆u = 0, x ∈

(
0,

1

2

)
splňuj́ıćı počátečńı a okrajovou podmı́nku
a)

u(t, 0) = u
(
t,

1

2

)
= 0, u(0, x) = δa, a ∈

(
0,

1

2

)
b)

ux(t, 0) = ux
(
t,

1

2

)
= 0, u(0, x) = δa, a ∈

(
0,

1

2

)
4. Nalezněte řešeńı rovnice vedeńı tepla

∂u

∂t
−∆u = 0, x ∈

(
0,

1

4

)
splňuj́ıćı počátečńı a okrajovou podmı́nku

u(t, 0) = ux
(
t,

1

2

)
= 0, u(0, x) = δa, a ∈

(
0,

1

4

)
.

Určete u(t, 14) a ux(t, 0).
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5. Najděte radiálně symetrické řešeńı rovnice vedeńı tepla v R3

∂u

∂t
−∆u = 0, x ∈ B 1

2
(0) ⊂ R3

splňuj́ıćı počátečńı a okrajovou podmı́nku

u
(
t,

1

2

)
= 0, u(0, x) = χ[0,a](r), r = |x| ∈

(
0,

1

2

)
, a ∈

(
0,

1

2

)
.

6. Nalezněte jedno řešeńı rovnice vedeńı tepla

∂u

∂t
−∆u = δ(x)⊗ ept, p > 0, x ∈ R3.

Vlnová rovnice

7. Řešte Cauchyovu úlohu pro vlnovou rovnici v R s periodickými okra-
jovými podmı́nkami

1

a2
∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈ R, t ∈ R+

u(0, x) = 0,
ut(0, x) = g(x),

kde
a) g(x) = sin3(2πx) b) g(x) = cos4(πx).

8. Řešte vlnovou rovnici v R+ s podmı́nkami

1

a2
∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈ R+, t ∈ R+

u(0, x) = 0,
ut(0, x) = δa, a > 0,

u(0, t) = 0.

9. Řešte vlnovou rovnici s podmı́nkami

1

a2
∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈

(
0,

1

2

)
, t ∈ R+

u(0, x) = 0,

ut(0, x) = δa, a ∈
(
0,

1

2

)
,

kde
a) u(0, t) = u(12 , t) = 0 b) ux(0, t) = ux(12 , t) = 0.
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10. Řešte vlnovou rovnici s podmı́nkami

1

a2
∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈ B 1

2
(0) ⊂ R3, t ∈ R+

u(0, x) = 0,
ut(0, x) = 1,

u(x, t) = 0, |x| = 1
2 .

11. Řešte vlnovou rovnici s podmı́nkami

1

a2
∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈ R3, t ∈ R+

u(0, x) = e−αx
2
, α > 0,

ut(0, x) = 0.

Laplaceova rovnice

Řešte rovnice
∆u = 0

v následuj́ıćıch dvoudimenzionálńıch oblastech Ω

12.
Ω = {(r, ϕ), 0 < r < a, 0 < ϕ < α < 2π},

u(r, 0) = u(r, α) = 0, u(a, ϕ) = ϕ(α− ϕ).

13.
Ω = {(r, ϕ), a < r <∞, 0 < ϕ < α < 2π},

u(r, 0) = u(r, α) = 0, u(a, ϕ) = ϕ.

14.

Ω =
{

(x, y), 0 < x, y <
1

2

}
,

u(0, y) = u(12 , y) = u(x, 12) = 0, u(x, 0) = sin2(2πx).

15.

Ω =
{

(x, y), 0 < x, y <
1

2

}
,

u(12 , y) = u(x, 0) = u(x, 12) = 0, u(0, y) = y cos(πy).

16.

Ω =
{

(x, y), 0 < x, y <
1

2

}
,

u(0, y) = u(x, 12) = 0, u(x, 0) = x, u(12 , y) = 1
2 − y.
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Jiné rovnice

17. Nalezněte fundamentálńı řešeńı pro následuj́ıćı operátory, tj. řešeńı
následuj́ıćıch úloh

∆2u = ∆(∆u) = δ, x ∈ RN , N = 2, 3,

(−∆− k2)u = δ, x ∈ R3, k ∈ R+,

(−∆ + k2)u = δ, x ∈ R3, k ∈ R+,

(∆2 − k2∆ + k4)u = δ, x ∈ R3, k ∈ R+.
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