14. cviceni — Urcity integral
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priiklady
Spoc¢téte Newtonovy integrély:
1. (a) /ﬂsinxdx
lfgeéeni:
/7r sinzdr = [—cosz|j = —cos(m) — (—cos(0)) = —(—1) +1 = 2.
2 0
(b) / 322 + 22+ 1dx

1
eseni:

2
/3x2+2x+1d$=[f3+rv2+mﬁ=<23+22+21>—<13+12+11>=11,
1

2
1
() / 2+ Vo + —dx
1 X

ResSeni:

2 1 2 1
/ 2+Vz+— dx = [23: + VB - ]
1 T 3 x

0 2
d d

ResSeni:

2

2 1 2 1 11 4v2
_ 2.2+3¢2’3_2_<2 SN ) _u,42

. 3 1) 6 3

0 0
2 In|3 —4 1
/ do = {2“’3"3} = ——(In3—1n23)
4 |, 2

1
f d
()/0 T+a2

Regeni:
00 1 ™
/ 5 dz = [arctan z]° = lim arctanz — lim arctanz = — — 0.
0 1+zx T—00 z—0+ 2
1
® [ Tdo
Regeni:

o
1
/ —dz=[nz]3’ = lim Inz — lim Inz =00 —In2 = cc.
9 x T—00 r—2+

Tedy integral diverguje.
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0
/ e“dr =[] = lim * — lim e*=1-0=1.

r—0— T——00

Resent:

oo
e’dr =[e”]° = lim e — lim e* =00 — 1= 0.
0 T—00 rz—0+

Tedy integral diverguje.
oo
() / sin z dz Regeni:
0

oo
/0 sinzdz = [—cosz|g° = len;o(— cosx) — xl—i>%l+(_ cos x)

o
Jezto prvni limita neexistuje, neexistuje ani Newtontiv integral / sin x dx.
0

2 2
2. (a) / R
1 T +].

Regeni: Substituce y = 23 + 1, dy = 322 dz, meze budou 2 a 9.

2 2 9
3z 1
dx = Zdy=nly|]2 =19 —1n2.
/19534‘1 /Qy v =yl

Mame ¢(z) = 23 + 1. Interval (a, 8) = (1,2). Pak ¢ je spojita na celém [1,2].
Derivace ¢’ = 322 je vlastni a spojita na [1,2]. Dale p(1) =2 a p(2) = 9.

Jin4 verze: Mame ¢(x) = 23 + 1. Interval (o, 8) = (1,2). Derivace ¢’ = 322 je
vlastni na (1,2). Dale ¢(1,2) = (2,9) = (a,b). Funkce ¢ je tam na a navic tam
mé nenulovou derivaci ¢(z) = 3z2. Integral na pravé strané navic existuje (spojita
funkce na uzavieném intervalu).

(b) /3 sin  cos z dx

L4

ResSeni:

Substituce y = sinz, dy = cosx dx, meze budou sin(r/4) = v/2/2 a sin(7/3) =
V3/2.

3 V3/2 y? V3/2 1 V3 2 V32 2 1
sinxcosxdx = ydy = | = == X2 X2 .
jus \/5/2 2 \/5/2 2 2 2 8

4

2
(c) / xlnxdz
1

ReSeni: Per partes

2 2 2 2 .2 212
/ rlnzxdx = x—lnx —/ x—dx:2ln2—1 r :21n2—§.
1 2 1 1 2x 2 2 1 4
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(d) / z?sinz dx

0
eSeni: Dvakrat per partes

s ™ s
/ z?sinz dz = [—2% cos x]6r+/ 2x cos x dx = [—x? cos 42 sin 2] —2 / sinx =
0 0 0

612
(e)/ ey
1 Xz

Regeni: Substituce y = Inz, dy = %dx, meze 0 a 1.

¢ n2 1 371 1
/ = xdx:/ i dy = [y] = -,
1 X 0 3 0 3

[—2? cosz + 2xsinz + 2cosz]f = 7* — 4

1 2
f -
()/_11+x2d$

Reseni:
1 2 1,2 1
x z4+1-1 -1 1 m
/_11+x2dm:/_11+m2da::/_ll—l-l_i_ﬁdx:[a:—arctanx]_1:2—2.
oo
1
(@) / TET
ResSeni:

/0 (1 3) [4@ ¥ 3)4} o oo d(z 33 an0+d(z+3)F 481

Lo 1
h d
()/0 62x+1+C08235 v

ReSeni: Prve substituce y = €%, dy = e* dx,

1 T e
e 1 e s
/ - = / —— = [arctany|{ = arctane — arctan 1 = arctane — —
o e +1 1y +1 4

1

1

/ 5— dr = [tanx](l] = tan 1.
o cos?x

Celkem

/1 A f % ftan1
r = arctane — — + tan
0 € +1  cos?z 4

(i) /100 e; da

ReSeni: Substituce y = /z, dy = ﬁ dx.

00 ,—\/T o0
€ — “Ydy =2 [—e Y] = —2( ] ~Y _ —y
/1 \/Ed$_/1 2 Vdy =2 [—e7Y]] 2(3}5206 xliglJre )
1 2
:—2(0—):.
e e
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b
§)) / sgnz dz, a < 0,b >0

a
eSeni: Integral neexistuje, protoze funkce sgn x nema na daném intervalu (kolem
nuly) primitivni funkei - neni totiz darbouxovska.
°° arctan x
k ——dx
W [

ReSeni: Substituce y = arctanz, dy = ﬁ dx:

°° arctan x 3 12 72 72 3n?
—— o dr= [ ydy= |5 =— -5 =—5
1 1+ x 2 = 8 32 32

VB

0 /2 da
/1 zlnx
Reseni: Substituce y =Inz, dy = + dz,

xT

e "L Iy™?= lim Iny— lim Iny=In(ln2)—(—o0)
= — = (In = 1m ny— 11m my = In(in —\— = .
1 clnzx 0o Y Y Ylo y—In2— Y y—0+ Y o) =

Tedy integral diverguje.

(m) o
/ 82111 x do
o cos‘z+1

Regeni: Substituce y = cosz, dy = —sinz da

s : 1

1

/ S;de = / —dy= [arctan y]' | = arctan 1—arctan(—1) = 2— =
o cos“‘z+1 114y

1

(n) / r2e % dx
-1

ReSeni: Dvakrat per partes:

1 1 1
/_1 22e % dr = [—xQe_x] 1_1 + /_1 2ee P dx = [—:J:Qe_x] 1_1 + [—2ze™"] 1_1 + /_1 e “dx

1
Nk

= [—xQe_x —2xe " — Ze_m]il =e—5e !
3,2
— 1
(0) / x4l
2 z—1
ReSeni:
3,2 3 2 3
- 1 1 9 4 5
/de—/ T+ dz = :E——i—ln\at—l\ =_—+In2—(-+Inl)=_-+In2.
s x—1 9 x—1 2 9 2 2 2

Bonus

3. Pouzijte riemannovské sumy k odhadu integralu

15

f(z)dz,

0
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jestlize hodnoty funkce f jsou

Névod: nacrtnéte funkci, kterd méa hodnoty z tabulky. Pak ji zkuste obalit obdélniky
seshora a vyplnit obdélniky zespod. Spoctéte jejich obsahy.

Horni odhad: 606

Dolni odhad: 480

4. PRAVDA - NEPRAVDA Necht (—a,a) C R.

ANO - NE Necht f je licha funkce. Pak [ f =0
L] . 2 a a
ANO - NE Necht f je suda funkce. Pak [ f=2[f

Regeni: Pravda za predpokladu, Ze integraly existuji vlastni. Jinak integraly nemusi
existovat.

5. Najdéte horni a dolni riemannovské soucty pro Dirichletova funkci

0, z€R
Diz) = {1 EEQ.\Q

Resent: [’ D(z) =0, [’ D(z) = 1
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