11. cviceni — Goniometrické substituce + lepeni
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady

Najdéte primitivni funkce

L g(z) =

1
T 2sina —cosz + 5
Reseni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = m
Intervaly: (ag, k) = (—m + 2km,m + 2k7), (a,b) = (—00,00). Navic p(ag,fr) =
(—o0,0) C (a,b).
Zasubstituujeme

1 2 1 c 1 3t+1
- dxr — dt = | —5—————= dt = —= arctan
2sinz —cosx + 5 4t — 1+ 2+ 5+ 5t? 3t2 + 2t + 2 V5 V5
_>/ (z) € Larctan?’tgigﬂ
=T V-

x € (—7 + 2km, 7 + 2km)

Tedy
1 3tgZ +1
G(x) = —= arctan °a T + ¢k, x € (—m + 2km, m + 2km)
Vb V5
V bodech 7 + 2kn je potieba funkci slepit. Limity:
1i 1 " 3tg% +1 n ™ "
im — arctan ——=—— + ¢ = —— + ¢,
rz—(m+2mk)— \/5 \/5 g 2\/5 ¥
1i 1 " 3tg% + 1 n s n
im — arctan ——=—— 4+ Cpy1 = ———= + Cpt1.
x—(m+2mk)+ \/5 \/5 bl 2\/5 il
tedy
0
Ck4+1 = % + ck.
Odtud L
T
Cl — ﬁ =+ Co, k € Z
Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.
Zaver: Bte i
1 g3 k
—=arctan —2— + X + ¢, x € (—7+ 27k, 7w + 27k)
G(x):{@ﬂ)ﬂ_i_ V5 V5 ok
NG co, x=7m+27
1
' gv(:c) ~ 2—sinz
Resent:

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = ¢(z). Funkce f(t) L

= Pt
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Intervaly: (ag,Br) = (=7 + 2km,m + 2km), (a,b) = (—o00,00). Navic p(ag, k) =
(—00,00) C (a,b).

Zasubstituujeme
1 2 1 1 4
/, daz—>/ : 5 dt:/dt:/2 dt
2 —sinz 2+1 2— 2 2 —t+1 3 /1
e <2> +1
V3
2
¢ 2t —1
= — arctan
V3 V3
c 2 2tg 5 —
— [ g(x) = —= arctan
/ V3 V3
x € (—m + 2km, 7 + 2km)
Tedy
Glz) = —= arct 2065 =1 € (=7 + 2km, w + 2kn)
r) = —= arctan —2—— + ¢y, x € (—m T T
V3 V3 *
V bodech 7 + 2k7 je potieba funkci slepit. Limity:
. ; 2tg £-1 n T n
im —arctan —2— 4 ¢, = — + ¢z,
s (n+2mk)— /3 V3 V-
1, 2 ¢ 2tg% —1 i T n
im —arctan ——=—— 4+ g1 = ———= + Cki1-
z—(m+2mk)+ \/g \/g R \/§ h
tedy
27
Ck+1 = % =+ Ck-
Odtud o
i
C — W + Co, ]{7 & Z
Protoze G i g jsou spojité na (—oo, 00), mizeme pouZzit lemma o lepeni.
Zaver:
2 2tg %71 2 o .
Gle) = Jgarctan —2— 4+ k2 4o T € (=7 + 2km; 7 + 2km)
Ttkr s+ v =7+ 2kn
1
3. =
9(x) 1+sinz

Regeni: Podminky: sinz # —1, tedy x # —5 + 2km.

Funkce g je spojita na (—% + 2km, 3T + 2kr), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = ¢(z). Funkce f(t) =
Intervaly: (ag,Br) = (=% + 2km, 7 + 2kn), (a,b)
(—=1,00) C (a,b).

Intervaly podruhé: (ag, fi) = (7m+2k, 37“+2k7r), (@,b) = (—oo, —1). Navic p(ag, Br) =
(—o0,—1) C (a@,b).

(1+t)2
= (—1,00). Navic p(ag, k) =

Zasubstituujeme
dx 2 1 2 2 c 1
— ——dt= [ e dt= [ o dt= -2
/l—i-sinx /t2+11+ /t2+2t+1 /(t+1)2 t+1

t2+1
/ 1
% I
tan + tan £ + 1
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z € (=% + 2km, m + 2km), (7 + 2km, 3T + 2km)

Tedy
1
G(z) = ~2gnzar T © € (=5 + 2km, w4 2k),
_2@4‘%, $€(7r+2k:7r,37“+2k7r)_

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

1
lim —2———— 4+ =0+c
z—(m+2km)— tan% +1 k k
1
lim  —2—— 4 d = 0+dy

a—(n+2km)+  tang + 1
tedy
cp = dy,
Protoze G i g jsou spojité na (—3 + 2k, 2F + 2k), miZeme pouzit lemma o lepeni.
Zaver:
—2@ +cp, x € (=5 + 2km,m + 2km),
G(z) = | e, v =7+ 2k,
_2@ + e,z € (m+ 2km, 37“ + 2km).

Pozn.: V bodech —7/2+ 2km nelepime, puvodni funkce g tam neni definovana, tedy tam

nemuze mit PF.
2

sin“ x
4. g(x) = ————
“(z( ) 1 +sin’z
Reseni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci t = tanz = p(x). Funkce f(t) = WQWH)

Intervaly: (ou,Br) = (=% + km, § + kn), (a,b) = (—o0,00). Navic ¢(ag,fr) =
(—00,00) C (a,b).

Zasubstituujeme
. 2 _t2 2
sin“ x 211 1 / t
——dx — . dt = dt
/1—|—sin2:c /1+ P 1+ )22 +1)
1 1 C 1
= / m dt — / m dt = arctant — ﬁ arctan \/it

re (=5 +kn,§+km)
Tedy

1
G(x) = arctan(tanz) — —= arctan(v/2tanz) + ¢, = (_E 4k, n + k)

V2 2 2

V bodech § + k7 je potteba funkci slepit. Limity:

1 2-1
lim  arctan(tanz) — — arctan(v2tanz) + ¢, = <\[> T4 Ck

o (E4mk)— V2 V2 ]2
1 V2—-1\n7
lim arctan(tanx) — — arctan \/§tanx +c =—|——1]=-+4c .
. Jm  arctan(tans) - 7 arctan(v2 tan) + s ( — ) 5 o
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tedy

2—-1
Cr+1 = (f >W+0k-

V2
Odtud
cp = (‘6;1) kr +co, keZ.
Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.
Zaver:

G {arctantanx — % arctan /2 tan x -+ kﬂ‘/\%l +cy, ze(—m/24km;n/2+ 2m)
€Tr) =
T \/571 \/571 _m
3z TR o v=g kT
1
D. =
9(x) (1 —cos?z)(1 + cos? z)
ReSent:

Podminky: cosz # £1, z # 0 + k.
Funkce g je spojita na (0 + km, m + k7), ma tam tedy PF.

v . . 2
PouZijeme substituci ¢ = cot x = ¢(z). Funkece f(t) = — 111222'

Intervaly: (ag, fr) = (0+km, m+ k), (a,b) = (—o0,00). Navic p(ag, Bi) = (—o0,00) C

(a,b).
Zasubstituujeme
1 1 -1
dz — dt
/ 1 —cos?x)(1 2 / 1 2\ 1+ t2
(1 —cos?x)(1 + cos? ) - (1 + 1+t2> +
14t 11 1
=— | ——=dt=— | -+ -——=dt
/1+2t2 /2+21+2t2
c 1 1
=——t— arctan(v/2t
c 1 1
— x) = —= cotx — —= arctan(v/2 cot x
[ 8@ € —5 ot = arctan(v2cot)
z € (0+km, 7+ kn)
Tedy
G(x) Lot L arct (V2 cot ) + € (0+ km, 7+ kn)
r)=—=cotx — arctan cot x) + ¢k, x m, T+ kT
2 22 g
Funkce se pfi této substituci nelepi.
1+sinz
6. =
9(z) 24 cosx

Reseni: Zdroj pitkladu: https://matematika.cuni.cz/ikalkulus.html

Funkce ¢ je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = ¢(z). Funkce f(t) = %

Intervaly: (o, Br) = (—m + 2km,m + 2kn), (a,b) = (—o00,00). Navic p(ay, ) =
(—00,0) C (a,b).
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Zasubstituujeme

1 +sinx 2(1 +t)? 2 2t 2t
/2+cosg; . /(t2+1)(t2+3) /3—|—t2+1+t2 3+ 12

& 2 2 2
— rctan—+lo 144 log(3 +t
7 7 g( ) — log( )
2 t (1+1t%)
= arctan — + log —==%
V3 NI CE)
c 2 tg § (1+(tg5)?)
— | g(x) = —= arctan + log =
| oter & g aetan 2 +ow 57
x € (—m + 2km, 7 + 2km)
Tedy
2 tg § (1+(tg$)%)
G(x) = 2 ogii—i—ck, x € (—m+ 2k, + 2k
Y S B R CHE) ( )
V bodech 7 + 2k7 je potfeba funkci slepit. Limity:
, 2 tg % (1+ (tg%)?) s
lim — arctan +log ———=—= 4 ¢ = — + ¢k,
il NV B C RN (RO RV B
3 (1+(tg5)*) ™
lim arctan —= + lo 2 Chp1 = ——= + Chy1
St 3k f V3B ey T T T
tedy
c = 21 +c
k-+1 73 K
Odtud ok
T
c —= + co, k € Z.
k= \/g 0
ProtoZze G i g jsou spojité na (—oo, 00), miZzeme pouZit lemma o lepeni.
Zaver:
2 arctan 52 4 1o (+te5)’) +kr24cy x€(—m+2kmm+ 2km)
Gz) = V3 V3 T8 31 3)7) V3 T ’
%4_]”-%4_00 x =7+ 2km
sin? x — cos? x
7. g(x) =

g sin? x 4 4 cos2 x

Reseni: Zdroj prikladu: https://matematika.cuni.cz/ikalkulus.html

Funkce ¢ je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci t = tanz = p(x). Funkce f(t) = (t?ff)ﬁ‘

Intervaly: (o, Br) = (=5 + km, 5 + knm), (a,b) = (—o00,00). Navic p(ag,Br) =
(—00,0) C (a,b).

Zasubstituujeme
2
- 5 1 2 1
/sm:): cos? x / ! P 2 i
sin? x 4+ 4 cos? x )(t —|—4) 34+12 31+t
C D aret t 2 arctant
= g arctan 5 — g arctan
2 5 arcta
tanx 2
— = arctan 5 T3 arctan(tan x)
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re (=5 +kn,§+ kn)
Tedy
tanx 2 T T

-3 arctan(tanx) + cg, T € (—5 + km, 5+ k)

G(z) = garctan

V bodech § + k7 je potteba funkci slepit. Limity:

I pan SPRT 2 ctan(tan ) + op — — +
im - arctan — —arctan(tanz) + ¢ = — +¢
—(Z4mk)— 6 2 3 F= g Tk
li arcta tan v 2acta (tanz) + L
im - arctan — —arctan(tanz) + cxp1 = —— + ¢
S (E+rk)+ 6 2 3 BT g TR
tedy
T e
Chyl = — )
k+1 6 k
Odtud -
ck:Ek+CO7 keZ.
ProtoZze G i g jsou spojité na (—oo, 00), miZeme pouZzit lemma o lepeni.
Zaver:
Gl(2) barctan 2L — 2 arctan(tanz) + cp, x € (=% +km, 5 + km)
xTr) =
15 + 5k + co, r=73+km
1

8. = —

9(x) sinx + 2

ReSeni: Zdroj prikladu: Petr Holicky, Ondfej F.K. Kalenda : Metody feSeni vybranych
iloh z matematické analyzy pro 2. - 4. semestr

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = ﬁ

Intervaly: (ag, k) = (—m + 2km,m + 2k7), (a,b) = (—00,00). Navic p(ag,fr) =
(—o0,0) C (a,b).

Zasubstituujeme

/ L —>/ Lt 2 arctan | 2t +
——  d=z ——  dt = — arctan -
sinz + 2 t2+t+1 V3 \f V3

— /9(96) g larctan ltanf + 1
RVE] /3 2T
x € (—m + 2km, m + 2km)
Tedy

2 2 x 1
G(x) = —= arctan tan—i—)—l—c, r € (—m+ 2k, + 2k
(0) = Fpactan (Tt + ) b v )
V bodech 7 + 2k7 je potieba funkci slepit. Limity:

lim 2 arctan <2 tan z + 1> + ¢ = T + ¢,
<w+znk>— V3 V32 3 V3
lim arctan <2 tan z + 1> + Cp+1 = _ T + Cpr1-
S (r42mk)+ \f V32 3 V3
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tedy

2w
— + Ck.

C =
k+1 \/g

27k
cp, = —— + ¢p, kelZ.
V3
Protoze G i g jsou spojité na (—oo, 00), mizeme pouZzit lemma o lepeni.
Zaver:

Odtud

2 2 @ 1 2 B ,
Glz) = \/garctan(\/gtanz—l—\/g)%—kw\/g%—co x € (—m + 2km; 7 + 2km)

%+k7r%+00 =7+ 2km
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