10. cviceni — Trigonometrické substituce 2
https://www2.karlin.mff.cuni.cz/ kuncova/vyuka.php, kuncova@karlin.mff.cuni.cz

Priklady
Najdéte primitivn{ funkce

1

1. .
9(w) = 2sinx —cosx + 5
Reseni:

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = ¢(z). Funkce f(t) = m

Intervaly: (o, Br) = (—7 + 2km,m + 2kn), (a,b) = (—o0,00). Navic (o, k) =
(—00,00) C (a,b).

Zasubstituujeme

1 2 1 c 1 3t+1
- dxr — dt = | —5—————= dt = —= arctan
2sinz —cosx + 5 4t—1+t2+5+5t2 3t2 + 2t + 2 V5 V5

/ 3tgs +1
— — arct n—————.
V5
x € (—7 + 2k, 7 + 2km)
Tedy
1 3tgs +1
G(z) = _arctan 82~ + ¢k, x € (—7m + 2km, m + 2km)
V5 V5
V bodech 7w + 2k7 je potieba funkci slepit. Limity:
1i " 3tg% + 1 n e n
im — arctan ———=—— 4 ¢y = ——= + ¢y,
(7r+27rk)— \/5 \/5 g 2\/5 g
y ; 3tg3 +1 N T n
im arctan ———— 4 g1 = ———= + Cpa1-
L \[ NG k41 25 k41
tedy
T
Cht1 = ﬁ + Ck.
Odtud .
v
Cl — % + Co, k €.
Protoze G i g jsou spojité na (—oo, 00), miZzeme pouzit lemma o lepeni.
Zavér: -
[arctan 5 +\[+007 x € (—m + 2wk, + 270k)
2k+1 + cp, T =7+ 2k
1
2. = —
gv(x) 2 —sinx
Reseni:
Funkce g je spojita na (—oo,00), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = ﬁ
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Intervaly: (ag,Br) = (=7 + 2km,m + 2km), (a,b) = (—o00,00). Navic p(ag, k) =
(—00,00) C (a,b).
Zasubstituujeme

1 2 1 1 4
[ [ o [ [
2 —sinx 24+1 2- A t2—t+1 .

3 1\ 2
o <\/§2> +1
2
¢ 2t —1
= —— arctan
V3 V3
c 2 2tg5 —1
— r) = —= arctan

x € (—m + 2km, ™ + 2k)
Tedy

2 t
G(r) = —= arctan 85 70 + ck, x € (—m + 2km, m + 2km)
3

V bodech 7 + 2k7 je potieba funkci slepit. Limity:

1, 2 ¢ th% —1 n e i
im — arctan —=—— 4 ¢ = — + ¢y,
z—(m+2mk)— \/3 \/§ F \/3 F
li 2 oretan 282 1 + +
im — arctan —=—— + ¢y = — Chal-
z— (mh2mk)+ /3 V3 SV I
tedy
27 +
Chi1=——=+ i
H=
Odtud -
T
c = —= + Cp, k € Z.
vz
Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.
Zavér:
2 2tg %—1 2 . .
) = Jarctan —Z— 4+ krZ=+co x€ (=7 + 2km; 7 + 2k7)
%—Fkﬂ'%—}—Co r=m+2knw
1
3. =
9(x) 1+sinz

ReSeni: Podminky: sinz # —1, tedy = # —5 + 2km.

Funkee g je spojitd na (—% + 2km, 3T + 2k7), ma tam tedy PF.
Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = %UQ

Intervaly: (ag,Bx) = (=5 + 2km, 7 + 2k7), (a,b) = (—1,00). Navic (o, Br) =
(—1,00) C (a,b).

Intervaly podruhé: (ay, Bi) = (m+2kmn, 37”+2k7r), (@,b) = (—oo, —1). Navic o(ax, f) =
(—o0,—1) C (a,b).
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Zasubstituujeme

dx 2 1 2 2 c 1
— s dt= | ————dt= | ———dt=-—2——
/1—|—sina: /t2+11+t§i1 /t2+2t+1 /(1t+1)2 t+1

— /g(w) T

tan 5 + 1

x € (=% 4 2km, 7 + 2km), (7 + 2k, 28 + 2km)
Tedy

_2@ +cx, x € (=5 + 2km, 7+ 2km),

G(z) =
_2@‘1‘(1}7@, x e (7T—|—2k‘7‘("377r+2k7-‘-)

V bodech 7 + 2k7 je potieba funkci slepit. Limity:

1
li ) R — =0
:c—>(7r{|—H21k7r)— tan % +1 + ek + ek
. 1
lim —2———— +dp=0+dy

o (r+2km)+  tang + 1

tedy
ck = dj,

Protoze G i g jsou spojité na (—3 + 2km, 3T + 2k), miZeme pouZit lemma o lepeni.
Zaver:
G(x) =X e, =7+ 2km,
—2¢mrey ek © € (m+ 2k, 3 4 2km),
2

Pozn.: V bodech —7/2+ 2km nelepime, piuvodni funkce g tam neni definované, tedy tam
nemiize mit PF.

sin? x

4 glz) = 1 +sin’z

Regeni:

Funkce g je spojitd na (—oo,00), ma tam tedy PF.

2

= ErnEE
Intervaly: (o, fr) = (=5 + km, 5 + k), (a,b) = (—o00,00). Navic p(o,fr) =
(—00,00) C (a,b).

Pouzijeme substituci t = tanz = p(x). Funkce f(¢)

Zasubstituujeme
. 9 _t? 2
sin“ x 271 1 / t
——dx — . dt = dt
/1+sin2m /1+t;jl 2+1 (1412)(2t2 +1)
1 1 c 1
= / m dt — / m dt = arctant — E arctan \/§t

v € (—5 +km, 5+ kn)
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Tedy

1
G(x) = arctan(tan z) — — arctan(v/2tan ) + ¢, x € (—I + km, Ty k)
NG 2 2
V bodech § + k7 je pot¥eba funkci slepit. Limity:
1 2-1
lim  arctan(tanz) — —= arctan(v/2tanz) + ¢ = f Ty

—(Zmk)— V2 2

li t(t)lt(\@t)Jr +

im  arctan(tanz) — — arctan anzx) + g4 = — Cht1-

VLU NG k+1 k+1
tedy
v2-1 N
Cht1 = T+ ck.
k+1 \/§ k
Odtud
V2-1
Cp = kT + co, kelZ.
()
Protoze G i g jsou spojité na (—oo, 00), mizeme pouzit lemma o lepeni.
Zaver:
G {arctantan:v — % arctan /2 tan x -+ k?‘(’\/?/gl +cy, z€(—m/24km;n/2+ 2m)
€Tr) =
T \/571 \/571 _m
5\/5 —|—]{77T\/§ +COa l‘_§+kﬂ
1
9. =

9(x) (1 —cos?z)(1 + cos? x)
ReSeni:

Podminky: cosz # £1, z # 0 + k.

Funkce g je spojitd na (0 + k7,7 + km), ma tam tedy PF.

Pouzijeme substituci t = cot z = p(x). Funkce f(t) = — 11121‘/:2.

Intervaly: (ag, B) = (0+km, 7+ k), (a,b) = (—00,00). Navic p(ay, Br) = (—00,00) C

(a,b).

Zasubstituujeme
1 _
/ (1 —cos?x)(1 + cos? ) dr = / (1:_ 2 ) 1 +1t2 dt
1+t2 1442
2

[ [ e
g —%t 2\1/5 arctan(\[t)

— / ¢_Z cot T — 2\1/5 arctan(\@ cot x)

€ (0+km,m+ km)
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Tedy

1 1
G(x) = —=cotx — arctan(v/2 cot z) + ¢, r €0+ km,m+kw
() = 5 cota — o arctan(v2cot) + cx ( )
Funkce se pfi této substituci nelepf.
1+ sinzx
6. = —
9(x) 2+ cosz

ReSeni: Zdroj piikladu: https://matematika.cuni.cz/ikalkulus.html

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = %

Intervaly: (o, Br) = (—7 + 2km,m + 2kn), (a,b) = (—o00,00). Navic (o, ) =
(—00,00) C (a,b).

Zasubstituujeme
1 +sinx 2(1 +t)? 2 2t 2t
/2+cosg; v /(t2+1)(t2+3) /3—|—t2+1+t2 3+ 2
2 t
arctan — + log(1 + t?) — log(3 + t*
7 7 g( ) — log( )
_ 2 arctan — + lo (1+t2)
BT e
c 2 tg 3 (1+(tg3)%)
— | g(x) = —= arctan + log =
[ oter & Jgetan 2 +ow 57

x € (—m 4 2k, m + 2k7)
Tedy

2 tg 5 (1+(tg5)*)
G(x) = — arctan 2—i—logifc—i—c, r € (—m+ 2km, m+ 2km
=B s T gy T E )

V bodech 7w + 2k7 je potieba funkci slepit. Limity:

2 2 (1+(tg5)*) ™
lim — arctan —2 + log ————=>22 ~ 4 ¢ - 4,
x—>(7r+27rk)— \/§ \/g & (3 + (tg %)2) k \/g k
2 (1+(tg3)*) ™
lim arctan —=2 + log 2o 4 Ol = ——= + it
—(m+27k)+ \/> \/> ( (tg %)2) + \/§ +
tedy
27
Ck+1 = ﬁ + Ck.
Odtud -
T
Ck = /3 =+ co, ke Z.
Protoze G i g jsou spojité na (—oo, 00), miZeme pouzit lemma o lepeni.
Zaver:
s o, (HEED) o o
Gla) = arctan —z + log 3+t 2)7) + k‘ﬂ'\/g +co x € (—7+ 2km;m + 2k7)

s s

kwf+co r=m+ 2km
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sin? 2 — cos? x

v gv(:v)  sin?z +4cos? x
Reseni: Zdroj prikladu: https://matematika.cuni.cz/ikalkulus.html
Funkce g je spojita na (—oo,00), ma tam tedy PF.
PouZijeme substituci t = tanz = p(x). Funkce f(t) = @2#&12)%'
Intervaly: (ou,Br) = (=% + km, § + kn), (a,b) = (—o0,00). Navic ¢(ag,fr) =
(—00,00) C (a,b).
Zasubstituujeme

/sin2a:—cos T 1 2 1
sin2z + 4cos?x

dt =2 - dt
t2+1 t2+4) 34412 31412

tanz 2
~3 arctan(tan x)

5 " t 2 tan t
— arctan — — — arctan
6 2 3
/ farcan
re (=5 +km, 5+ km)

Tedy

tanz 2

5 T T
G(z) = 6 arctan 5 3 arctan(tan x) + cg, x € (_5 + k, o) + k)

V bodech § + k7 je potfeba funkci slepit. Limity:

lim §aulrctan tanz gaurct:m(tan x) +cp = T + ¢,
—(Z4nk)— 6 2 3 12
lim 5 arctan tanz 2 arctan(tanx) + cp11 = - + Cpa1
—(5+mk)+ 3 12
tedy
T
Ck+1 = 6 + ¢k

Odtud

Ck:%k—l—Co, k € Z.

Protoze G i g jsou spojité na (—oo, 00), miZzeme pouzit lemma o lepeni.

Zaver:
Glz) = barctan 8L — 2 arctan(tanz) + cp, x € (= +km, 5 + km)
%‘i‘%k‘i‘Co, wz%—f—kﬂ'
1
8. - -
9(x) sinz + 2

Regeni: Zdroj piikladu: Petr Holicky, Ondfej F.K. Kalenda : Metody Feeni vybranych
tloh z matematické analyzy pro 2. - 4. semestr

Funkce g je spojita na (—oo,00), ma tam tedy PF.

Pouzijeme substituci ¢ = tan § = (). Funkce f(t) = ﬁ

Intervaly: (ag,Br) = (—7 + 2km,m + 2kw), (a,b) = (—o00,00). Navic p(ag, k) =
(—00,00) C (a,b).
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Zasubstituujeme

/ — —>/ L 4t S 2 arctan [t 4 —
., 5 4T - = —— arctan —
sinx + 2 24+t+1 V3 \f V3

— / (x) c 2 arctan (2‘5&1133 + 1)
IRV NCRE AN
x € (—m + 2km, m + 2km)
Tedy

2 2 T 1
G(x) = —=arctan | —=tan — + — | + ¢z, r € (—m+ 2km, m + 2km
()= Jgemten (g + )+ ( :
V bodech 7w + 2k7 je potieba funkci slepit. Limity:

lim 2 arctan <2tan$+1> fop= 1 4o,
(7r+27rk)— V3 V3 2 /3 V3
lim arctan (2tanm+1> +Ck+1=—i+ck+1.
—(m+27k)+ \/> \/§ 2 \/§ \/g

tedy
27
Ck+1 = % + ck.-
Odtud .-
T
Cp = % + o, kecZ.

Protoze G i g jsou spojité na (—oo, 00), miZeme pouZit lemma o lepeni.
Zaveér:

2 2 w1 2 B .

Glz) = ﬁarctan(\ftanz + \/g) —1—k:7rﬁ+co x € (—m + 2km;m + 2km)

\[+k7r\[+00 r =7+ 2km
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