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Priiklady
Urcete primitivni funkei k funkei f(x) na v8ech intervalech, kde PF existuje.

1. Smés

(a) f(x) = sin/z
Reseni: Zvolme substituci y = /z. Intervaly z € (0,00), y € (0,00). Pak y> = =
a 2ydy = dz. Potom

/Sinﬁdx%/stiny dy

Tento integral vyfesime pomoci per partes, zvolime v = 2y, v/ = siny. Pak v/ = 2,
u = —cosy. Mame

/2ysiny dy:2ycosy+2/cosydy:2ycosy+23my+c

Zpétné zasubstituujeme a dostaneme

/sin\/sfda:: —2v/z cos v/x + 2siny/z + c.

)
b = —
R e
Reseni: Substituce y = \/4z — 7. Intervaly z € (%, 00), y € (0, 00).
Pak (y*> +7)/4 =z a y/2dy = dz. Pak

5 5 Yy 5[y 5/ 3
% e [ 2 Vg2 d - —° dqy=
/\/4x—7—1—3 o 1329732 ) 134 T3 y+3Y T

5 5
—(y—3lnly+3))+c— | f(x dwgf\/4x—7—3ln\/4x—7+3 +c
2 2

1
c) f(x) = ——
© 10 =5
Reseni: Pouzijeme substituci y = /1 +e®. Intervaly x € R, y € (1,00). Pak
=92 — 1, tedy x = In(y? — 1). Dopocteme dx = yfﬁl dy. Odtud mame

1+y

1 1 2y c 11—y

—dr = [~ —dy =2 =1
/\/1+e&c ! /yy2—1 / 2-1 n‘ ‘
—>/f el 1-—V1+e®
B l—i—\/l—i-e”“
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ResSeni: Zvolme substituci y = &z. Intervaly = € (0,00), y € (0,00). Pak 38 =
a 6y°dy = dz. Mame

VT / 93 5 / 98

dx — 6v°dy = 6 dy =
1+ T it T4+y2 7
Provedeme déleni mnoho¢lent a ziskame

vy 6 4,2 Ly vy Y
6 =6 - -1 =6\|\—7>——+5 - t
/1+y2 Y /y Yty +1+y2 Y <7 5—1-3 y+arcany>+c

Vratime substituci:

7/6 5/6 1/2
1_1\_/ird:1;:6<$ 7 +$ —x1/6+arctanx1/6>+c
T

7 ) 3

2. Goniometrické substituce

(a) f(z) = V4—a?

(b) f(z) =

ReSeni: Zvolme substituci z = 2cost. Pak dz = —2sintdt a 4 — 22 = 4(1 —
cos?t) = 4sin?t. Intervaly budou: ¢ € (0,7), pak = € (—2,2). Navic —2sint # 0
na (0,7) a funkce 2cost, t € (0,7) je na (surjekce). Dostéavame

/ V4 —22dx — / V 4sin? t(—2sint) dt = /4| sin t| sint dt
Protoze jsme na intervalu (0, ), tak |sint| =sint a

/—4|sint|sintdt: —4/sin2tdt.

. ) o s o <2, _ 1—cos?2t
Posledn{ integral 1ze vytesit per partes nebo pfepisem sin“t = === Pak

1—- 2 in(2
4/sin2tdt:4/cgs(t)dt:4 <;Sm4(1 t)) te

Celkem tedy pro z € (—2,2) mame

/ i Fde— (arccos(x/Q) - sin(zarccos(x/2))> Le

2 4

1
(1 — 22)3/2
Reseni: Definiéni obor funkce f je interval (—1,1), staci tedy urcit primitivni
funkci na tomto intervalu. Provedeme substituci = sint. Protoze xz € (—1,1), je
te (—3,%). Potom
dz = cost dt,

a protoze cost > 0 pro t € (=%, %), podle druhé véty o substituci mame

1 1 1 1 ¢
————dr - [ ————5——~= cost dt = st dt = =tan ¢
/ (1 — 22)3/2 v / (1 — sin?¢)3/2 o / cos3t / cos2t o

a s pfihlédnutim k tomu, Ze pro t € (=5, %) je cost = /1 — sin® t, dostaneme

sint sint /f( )d c T
_= = —) €T €r = ——
cost /1 —sin?t¢ V1 — 22
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(@) f(@) = /52 a0

ReSeni: Z podminek na integrand mame r € (—a,a). Pouzijeme substituci z =
asint. Intervaly budou t € (-3, 7). Navic dz = acostdt.
Potom

1 t (1 t)2
/”a—i—x / a\) ——— +s1n costdt—>/ +sin) cost dt =
a—2x 1—s 1—sm

/ (1 + sint) dt—at—acost—>/f dx—aarcsm—— a? — x?
a

N e —————

(22 + a2)3/2
Reseni: Lze pouzit substituci asinht, ale ukazeme si jiny postup, pouzijeme sub-
stituci = atgt. Intervaly: x € (—o0,00), ¢ E (=5,5). Potom dr = % dt as
piihlédnutim ke vztahu tg?t + 1 = CO;Q ;

/ L4 —>/ ! ¢ at
—— dx
(22 4 a2)3/2 ad - (tg2t +1)3/2 cos? ¢

C 1 x
— cost at € smt—>/ = = —
/ Ut a? /a2 + x2

pficemz posledni vztah plyne z vypoctu

~—

.2 -2 2
t t tg“t tgt
tg2t: San = Sln. 3 —>Sin2t:g72 i L
cos’t 1—sin“t 1+tgot 1+tg?t

3. Hyperbolické:

(a) f(z)=va?+2%2,a>0
Reseni: Pouzijeme substituci © = asinht¢. Intervaly: x € (—o0,00), t € (—00, 00).
Potom dx = acosht dt a plati

/\/a2+x2 dx—)/a cosh? ¢ dt g%
1 1 1
—>/f fa 2 argsinh = —|—2x\/a2+x2 < 2(12111 (:r—l— a2+x2>—|—fx\/a2+x2

2

(t 4+ coshtsinht)

Integral [ cosh?t lze spocitat rozepsanim do [ 1(e7% 4+ €% +2), pomoci per partes

nebo pomoci vzorce cosh?t = (1 4 cosh(2t))/2.
2
x
b) f(z) = ———,a>0
O I0 =T
ResSeni: Pouzijeme substituci x = asinht. Intervaly x € R, t € R. Potom
dx = acosht dt a plati

h2

sin acosht dt =a sinh” ¢ :a— t —sinhtcosht

& ht dt = a2 | sinh?¢ dt < inh ¢ cosh
“acosht 2

22
/ va? + a:2

1 1
H/f —argsmhaf§x\/a2+1: 2 & a21n<$+ a2+x2>+§:p\/a2+x2

DN | =
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c) flz) = ——
© )= g
Reseni: Provedeme substituci = v/2cosht. Intervaly: = € (v/2,00), t € (0,00).
Potom dz = v/2sinht dt a plati

/ x? 2cosh? t
S PR b
vz —2 V2sinht

1 1
— /f(av)da: < argcosh\% + 5xx/:52 —2&%m <:c+ Va2 — 2) + 5$V$2 -2
Pro x € (—o0, —v/2), uvazujme substituci z = —/2cosht, t € (0,00). Pak

/ x? 2 cosh?
S PR
Va?z -2 V2Vsinh?

s 2 vz _ oz — _ T
Vyjadiime 7 cosht, tedy t = arg cosh NG

V2sinht dt = /2 cosh®t dt € (t 4+ sinh t cosh t)

(—V/2sinht) dt = —/2cosh2t at € - (t + sinh ¢ cosh t)

2 2
Navic sinh? t = cosh?t — 1, tedy |sinht| = v/cosh?¢ — 1.
Tedy

1 1
— arg cosh — i—1—796\/ 2225 I (a: + Va2 — 2)—1—530\/ x2 —2

[ e e

(d) f(z)=Va2—a%, a>0
Reseni:
Pouzijeme substituci = acosht. Pracujeme na intervalech x € (a,00) a t €
(0, 00).
Potom dx = asinht dt a plati

/\/ 2 —q? da:—>/a sinh?t dtg%(coshtsinht—t)
1
—>/f :—fa argcosh —|—2x\/:n2—a2
a

Lze také psat
1 1
/\/$2 —a2dz & —§a2ln ‘x + Va2 — a2‘ + 53@\/:62 —a?.

Pro interval € (—o00, —a) uvazujme substituci z = —acosht a t € (0,00). Pak
dostaneme

/\/ —a? dzx — / —a®sinh?t dt € (Coshtsmht —t)

Vyjadifme —2 = cosht, tedy ¢t = argcosh —2.
Navic sinh?t = cosh?t — 1, tedy |sinh¢| = y/cosh®t — 1.

Tedy
2
1
/\/ 22— a2 & % argcosh—E + 5TV z? — a?
a

Jiny pfistup pro x € (—oo, —a): Lze ukézat, ze jestlize f je suda, tak lze najit
primitivni funkci F'(x), ktera bude licha. (Pozor, obecné jakéakoli takova F' licha
byt nemusi, zalezi na konstanté +C'.) Pak stac¢i vyjadiit F' tak, aby byla lich4.

Kalkulus 1, 2024 /25, Kristyna Kuncova 4



