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http://www.karlin.mff.cuni.cz/~kuncova/, kunckbam@natur.cuni.cz

Piiklady

Najdéte primitivni funkce na nejvétsim mozném intervalu:

sinzx
1. =
f(x) 1+ cosx
1
2. =
f@) 1+sin?z
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454 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(397) Pomoct vhodné substituce vypoctéte

sinx
J—dx.
14 cosx
Regeni:
sinx t = cosx dt
J]‘I‘COSX |dt:—5lnxdx :_J1_i_t:_ln“+t’+C:—lnH+COSX’+C
—_——
A
fzi\z —
e =7 - A
T g - A S AT LAY (b a2

- WLQW’Q"A Gy oy = G onNa 25%%

&

gg(é\ WraodDwe M\ e C = AN MB;KO\‘O)

CP=CZD>( CP( “lT)prv _—,—C~//]/1J
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450 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(393) Pomocl vhodné substituce vypoctéte

1+ sin“x
Regeni:
t=tgx 1
dx t J e J 1 1J’ 1
Jl+sin X | gy = 1"“&‘,: 1_,_]:_12 1+ 22 2] e+l
It ) . )
1 2
=—\/§arctg—f~+C=£arctg(\/§tgx)+C. ﬁ
2 o 2

- P = doe o X Voo ("‘;.ﬁé\ r L5

(< | Oy

(=] S’Zg ‘?“'\M.o @F—‘ ﬂg“ﬁ?
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W\a\z

/—7
3sin?z + cos? z
3. =
f(@) sin2z + 3cos? (°/l B = (~s \
Resenti:

Pouzijeme substituci ¢t = tg z. Pak plati, ze Leco/l (B\ ]\'2‘
-~

a1 ) ) dt
e dr=(tg“x+1)de=(t"+1)der = dr= oY

Dostavame tak, ze

3sin?x + cos? x 3t24+1 1
- 2 2 dr = 2727&:
sin“x + 3 cos* x t“+3 t°+1

ktery dale fesime rozkladem na parcialni zlomky. Ve zlomku

3t2 4+ 1
(t2+3)(t2+1)

formalné pisme y misto 2. Pak podle véty o rozkladu na parcidlni zlomky méme,
ze

3y +1 A B
W3+l yi3 yrl
3y+1=Ay+1)+B(y+3)
a dosazenim y = —1 dostaneme, ze B = —1, dosazenim y = —3 dostaneme, Zze

A = 4. Plati tedy, ze

32+1 4 1
(t24+3)(t2+1) 243 2+1

Nyn{ dokonéime integraci 9(45 " \Q_, = (0 ( \Q\
/\_&’-\

/3t2+1 1 it — / 4 1 a 4 con con |
- = — &5 — —=arctan —— — arctan
2+32+1 2+3 241 V3 V3

4 t
= " _arctan 22 _ arctan (tg x)

V3 V3
e I
ARy
5. 10) = 5o
6. flw) = 81111:1;
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Il. 3. SPECIALNT INTEGRACNI METODY 455

(398) Pomoci vhodné substituce vypoététe /) }2

cos>x
— dx.
2—sinx

=0 —-DD
Reseni: f " ( | '2)
F\’Lf—\ (o‘ \ \’3\
cos® x t =sinx 1 —t? 3
JZ—slnxdx|dt:cosxdx _Jz_tdt_J(2+t+t_2) dt =
t? in?
=2t+7+3ln|t—2\+czzsmx+5‘”"

-+ 3n|sinx — 2|+ C.

LP(/Q\ = C//)f\—s < CC‘/(\':;)
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453

Ve, 1R

[l. 3. SPECIALNI INTEGRACNI METODY

/:)

(396) Pomoci vhodné substituce vypoctéte
J dx

2—cosx’
ReZeni: g— A =N \2 = (c‘l b)
L—
2 ZJ dt
243

2
= W = —_— E—a
dt , J dt J‘3t24—1 dt 3

t=t§§
dx = 1

J dx

2—cosx
2

—ﬁ arctg (\@tg ;) + C.

t
=§-]—arcth—i—C= 3
V3 V3

(o1 = =/, Y+ QL &

NACES = <l

SCople & Ike

http://user .mendelu.cz/hasil
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448 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(391) Pomoct vhodné substituce vypoctéte > 7£O 42 »m
J dx _—

sinx’

Reseni:

J dx Jsinx | t = cosx
dx

S'lnz X dt —_ Sin de

_J_ dt _J dt
) 1=t -1

1 1
5 1 1
2 2 ! h —
_J<t 771 ]>dt_2ln|t 1| 2ln|’c—|—1|+C

— 1

1 1 cosx — 1
QCt\ —Zlnlcosx—]l—zlnlcosx+1|—|—C__z[n m‘+c_
2sin? 2
ra d—,1) :%l” 2::;21 +C=%ln1t92§!+czln|tg§\+c.
&(Q(\o) 2

C=cemx oo my~ (o, wy s Lom

C‘((O\ N‘\ = Cx/f) 4) C(Oub)

WQQ\(% L e }4@(@ )
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~ = 04z
7 =2
0 f@) = ———

cos r sin® x
ResSeni: Protoze f(sinz,cosx) = f(—sinxz,—cosz), pouzijeme substituci ¢ =
tg x. Protoze

1 1 1 1421+
cosrsindx sinxzcosxsin?x ¢t 12 CO'/\\(’J\S
A 1 //'\ = O
dr = —— dt,
1+ 2
dostavame gCé\ E #

— \5 (aé‘r LDZ.S

d 2 +1 i
[t = [P a i b mmie e
cos x sin® x 2tg “x = GQIO\

Podotknéme, ze plati

1 cos’zr ¢ cos?z 1 cos?x + sin? z 1
2tan 2z 2sin? z 2¢in?z 2 2sin? z 2sin? z
sinx

8. flr)= ——

sinx — cosx

-3
sin® x

9. f(z) =

1 +4cos?x 4+ 3sin?x
CT%} SN = CTC>| ?éi> “ b
C“alﬁa) C'- )o) L

o (0 %NT (oroy o (Gaila
Qs (= V) 1O — (-2 c (Ger=2)

A5 o

XE@ ra\(we
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456 Il. INTEGRALN{ POCET FUNKCI JEDNE PROMENNE

w
(399) Pomocl vhodné substituce vypoctéte ‘/Fj = # 7 + .LF
J sinx
—dx.
sinx — coS X
) L) | + < A
Reseni:
T (C,c‘\\/)}q/‘/]o%
sinx tgx t=tgx t 1
———dx = dx i = — dt =
sinx — cosx tgx — 1 dx = 7 dt t—111t2 /a, \9\__
! 2\ M
-2+ Jit=1" 2t +1 B ( —==,=1 )
1 1 2t dt
zlnlt_1|+ (ZJtZ_Jr_]dt+Jﬂ+1)"
1
Elnlt—1|——ln|tz+1|+-—arctgt+C_
1
ilnltgx—ll——ln‘tg x+1|—!— + C.
— >4 A
o)
N\ .
e 1
- N
% = &
A &) <

«yyry) = ( —F TN b

) —_—

2
(o %)) = (- ;Sro‘\% Yoo

Cloq, ™) = (oo, Ye Gt
L((XQ\(EB ‘_-C//(ob\ CCQ'\(\O/\B

-
V  Voeclocle SO 2Ro e Yoo 5K
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[l. 3. SPECIALNI INTEGRACNI METODY

449

(392) Pomoci vhodné substituce vypoctéte ) Voo “2{
J sin® x
—— dx.
1+4cos?x 4 3sin“x
Reieni:
J' sin® x N t =cosx _J t2—1 dt —
1+4cos?x + 3sin®x dt = —sinxdx | = )] 1+4t24+3-3:2

t?+4-—5 1 5 t
—JWdt—J(1—5m)dt—t—iarctgi-i-C:

5 cos x
/ =c05x—iarctg " + C.
L

G2

=
N RN Loty > = [

e (pN :54|41C D
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> = SR LN

/1
(o( ) = - I’T D
10. (1) f(z) =tg°z = ! (erBLL
Reseni: Pouzijeme substituci t = tg z. Pak plati, ze
dt
de = ——
t2+1
Dostavame tak Ve \Q = (& (o)
— ?
5 t ctt 2 1
tgxdr= | o——dt= [ (P —t+——")dt=— — =4 -In(1+#
/g‘rx /t2+1 /( +t2+1> 7 3 Tt
Lig 12— Leg 2 —l—ll(l—i—t 2r)
=—tg"x— —tg “r+ - In x
48 T T T Wele 2 vnme
sinz =
11. = — -
/(@) l4sineg ——> < '72 2,
Reseni: Pouzijeme substituci ¢ = tg 5. Pak plati, ze
2dt
r=—"
t2+1
a dale plati
: .z T r o 2tg 5 2t
sinx = 2sin — cos — = 2tg —cos” = = =
22 2 2 1+4+tg?3 1241 é#_/,
Dostavame tak, ze
/‘7
/ sin / 2t 1 2 gt / 4t it
xr = . . =
1+sinz 24+1 14 2 2 +1 (2 +1)(t2+2t+1)

1241

4
:/mdt: (02\52:(~4.°05

a nyni postupujeme rozkladem na parcialni zlomky, ktery hleddme ve tvaru

4t A B Ct+D (o \,)\
= A1 ~
(t2+1)(t+1)2 t+1+(t+1)2+ 241 h
Odkud prendsobenim vyplyva C = 1= )

At = At +1)(2+1) + B{t? + 1)+ (Ct+ D)(t + 1)?
Dosazenim ¢t = —1 dostaneme, ze B = —2. Dosazenim ¢ = ¢ dostaneme
4i = (Ci+ D)(1+1)?> = (Ci+ D) - 2i
2=Ci+ D
odkud plyne, ze C' =0 a D = 2. Zpétnym dosazenim dostaneme

A=A+t +1) — 282 +1) +2(t + 1)?
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}\,r

S G —s (e, -A) <« Caar By
(2 (T —> (-1 < (G, ¢ %)

a porovnanim absolutnim ¢lent vidime, ze 0 = A —2+ 2, tedy, ze A = 0. Hledany
rozklad ma tedy tvar

4t B 2 2
B2+1)t+1)2  (t+1)2 241

Dokonceme integraci.

it 2 gt [ @€ % oarctan t = — 2 2arctan (tg )
= = - = arctan t = arcta =
2+ 1)t + 1)2 (t+1)2 Pl T T Tz TR e g

2 —sinx
12 f(x):2+cosx \/
Wr2at <KLociee
=\ s
z uey="Ff (1) e Tuey =" (L) e
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{l. 3. SPECIALNT INTEGRACNI METODY

457

(400) Pomoci vhodné substituce vypottéte — ) = 124
J‘ 2 —sinx dx.
2+ cosx
Re&eni:
2+ cosx dle_ftzdt o 2+%§1_|_t2 -

dt =

_J 24242 -2t 2
T2+ 121482

2 __
=4J( vttt )dt=2JM2+tdt—2J LA

1+t2)(t2 43 243 1412
e 2t dt t
2y v 12 :J-t2+3 4Jt2+3_ J1+t2
2t 4 dt t
IEIE I R
= ooy )

dt =

Vi
=mW+ﬁ+iﬂm@§?4MLHﬂ+C:

V3
X X 4 tg 3
= njtg? 3 +3| — n|t1g? > 1+ 2= e
ngz+3 ngz-l- +\/§arctg\/§+

(6463: (-N\h\;QEV

+2o 5

V Tiesa  slopiue ol st
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