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1.

lim
x→0

x2 − 1

2x2 − x− 1

Řešeńı:

Funkce je v bodě 0 spojitá, plat́ı tedy

lim
x→0

x2 − 1

2x2 − x− 1
=

0− 1

0− 0− 1
= 1.

2.

lim
x→+∞

x2 − 1

2x2 − x− 1

Řešeńı:

Poč́ıtáme-li limitu v nevlastńım bodě, stač́ı vytknout
”
nejv́ıce rostoućı“ (domi-

nantńı) člen, tedy

lim
x→∞

x2 − 1

2x2 − x− 1
= lim

x→∞

1− 1

x2

2− 1

x − 1

x2

=
1− 0

2− 0− 0
=

1

2
.

3.

lim
x→1

x2 − 1

2x2 − x− 1

Řešeńı:

Plat́ı, že (x2 − 1) = (x − 1)(x + 1) a (bud’ výpočtem kořen̊u nebo uhodnut́ım s
pomoćı faktu, že 1 je kořen, lze odvodit, že) 2x2 − x− 1 = 2(x− 1)(x+ 1

2
). Plat́ı

tedy

lim
x→1

x2 − 1

2x2 − x− 1
= lim

x→1

(x− 1)(x+ 1)

2(x− 1)(x+ 1

2
)
= lim

x→1

x+ 1

2x+ 1
=

2

3
.

4.

lim
x→1

x3 − 3x+ 2

x4 − 4x+ 3

Řešeńı:

Snadno se ověř́ı, že jednička je kořen. Použijeme děleńı členem (x − 1) nahoře
i dole. Když vyděĺıte poprvé, vyjde, že jednička je opět kořenem v čitateli i
jmenovateli a je potřeba dělit znovu. Dostane se tak

lim
x→1

x3 − 3x+ 2

x4 − 4x+ 3
= lim

x→1

(x− 1)2(x+ 2)

(x− 1)2(x2 + 2x+ 3)
= lim

x→1

x+ 2

x2 + 2x+ 3
=

1 + 2

1 + 2 + 3
=

1

2
.
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5.

lim
x→2

(x2 − x− 2)20

(x3 − 12x+ 16)10

Řešeńı:

Rozložte polynomy na součin a pak teprve umocněte.

lim
x→2

(x2 − x− 2)20

(x3 − 12x+ 16)10
= lim

x→2

(x− 2)20(x+ 1)20

[(x− 2)2]10(x+ 4)10
= lim

x→2

(x+ 1)20

(x+ 4)10
=

320

610
=

310

210
.

6.

lim
x→1

xm − 1

xn − 1
,

kde m,n jsou přirozená č́ısla.

Řešeńı:

Sledujte výpočet. Uvědomte si, že proměnnou je x, nikoliv m,n, která jsou
danými parametry. Opět by šlo použ́ıt l’Hospitalovo pravidlo.

lim
x→1

xm − 1

xn − 1
= lim

x→1

(x− 1)(xm−1 + xm−2 + . . .+ x+ 1)

(x− 1)(xn−1 + xn−2 + . . .+ x+ 1)
= lim

x→1

xm−1 + xm−2 + . . .+ x+ 1

xn−1 + xn−2 + . . .+ x+ 1
=

m

n
.

Jiné řešeńı skýtá fakt, že

lim
x→1

xm − 1

x− 1
= lim

x→1
mxm−1 = m,

což v́ıme ze vzorc̊u pro derivaci funkce xm, vlastně poč́ıtáme derivaci této funkce
v bodě 1. Známe-li tento vzorec, lze tento postup použ́ıt i pro m,n reálná, r̊uzná
od nuly.

7.

lim
x→∞

√

x+
√

x+
√
x

√
x+ 1

Řešeńı:

Vytknut́ım dostaneme

lim
x→+∞

√

x+
√

x+
√
x

√
x+ 1

= lim
x→∞

√
x

√
x

√

1 +

√

1

x +
√

1

x3

√

1 + 1

x

= 1.
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8.

lim
x→+∞

√
x+ 3

√
x+ 4

√
x

√
2x− 1

Řešeńı:

Vytknut́ım dostaneme

lim
x→∞

√
x+ 3

√
x+ 4

√
x

√
2x+ 1

= lim
x→∞

√
x

√
x

1 + 6

√

1

x + 4

√

1

x
√

2 + 1

x

=
1
√
2
.

9.

lim
x→4

√
1 + 2x− 3
√
x− 2

Řešeńı:

Rozš́ı̌reńım dostaneme

lim
x→4

√
1 + 2x− 3
√
x− 2

= lim
x→4

√
1 + 2x− 3
√
x− 2

√
x+ 2

√
x+ 2

√
1 + 2x+ 3

√
1 + 2x+ 3

=

= lim
x→4

1 + 2x− 9

x− 4

√
x+ 2

√
1 + 2x+ 3

= lim
x→4

2(x− 4)

x− 4

√
x+ 2

√
1 + 2x+ 3

= lim
x→4

2

√
x+ 2

√
1 + 2x+ 3

= 2·
2 + 2

3 + 3
=

4

3
.

10.

lim
x→a

√
x−

√
a+

√
x− a

√
x2 − a2

,

kde a > 0

Řešeńı:

Úpravou dostaneme

lim
x→a

√
x−

√
a+

√
x− a

√
x2 − a2

= lim
x→a

1
√
x+ a

· lim
x→a

√
x−

√
a+

√
x− a

√
x− a

=

=
1

√
2a

·

[

lim
x→a

√
x−

√
a

√
x− a

+ 1

]

=
1

√
2a

+
1

√
2a

· lim
x→a

√
x−

√
a

√
x− a

=
1

√
2a,

nebot’

lim
x→a

√
x−

√
a

√
x− a

= lim
x→a

√
x−

√
a

√
x− a

·

√
x+

√
a

√
x+

√
a
= lim

x→a

x− a
√
x− a

·
1

√
x+

√
a
=

= lim
x→a

√
x− a

1
·

1
√
x+

√
a
=

0

1
·

1
√
2a

= 0.
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11.

lim
x→−2

3
√
x− 6 + 2

x3 + 8

Řešeńı:

Úpravou dostaneme

lim
x→−2

3
√
x− 6 + 2

x3 + 8
= lim

x→−2

3
√
x− 6 + 2

(x+ 2)(x2 − 2x+ 4)
·

3
√

(x− 6)2 − 2 3
√
x− 6 + 4

3
√

(x− 6)2 − 2 3
√
x− 6 + 4

=

= lim
x→−2

x− 6 + 8

(x+ 2)(x2 − 2x+ 4)
·

1
3
√

(x− 6)2 − 2 3
√
x− 6 + 4

=

= lim
x→−2

1

x2 − 2x+ 4
·

1
3
√

(x− 6)2 − 2 3
√
x− 6 + 4

=
1

12
·

1

4 + 4 + 4
=

1

144
.

12.

lim
x→+∞

(√

x+

√

x+
√
x− x

)

Řešeńı:

Poč́ıtejme

lim
x→∞

(√

x+

√

x+
√
x−

√
x

)

= lim
x→∞

x+
√

x+
√
x− x

√

x+
√

x+
√
x+

√
x
=

= lim
x→∞

√

x+
√
x

√

x+
√

x+
√
x+

√
x
=

vytknut́ım
√
x v čitateli i jmenovateli a kráceńım dostaneme

= lim
x→∞

√

1 +
√

1

x
√

1 +

√

1

x +
√

1

x3 + 1

=
1

2
.

13.

lim
x→0+







√

√

√

√1

x
+

√

1

x
+

√

1

x
−

√

√

√

√1

x
−

√

1

x
+

√

1

x







Řešeńı:
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V př́ıkladu je dobré provést substituci 1

x = y. Přitom je d̊uležité, že p̊uvodńı
limita je jednostranná, totiž že x → 0+, a proto y = 1

x → +∞. Plat́ı tedy:

lim
x→0+







√

√

√

√1

x
+

√

1

x
+

√

1

x
−

√

√

√

√1

x
−

√

1

x
+

√

1

x






= lim

y→+∞

(
√

y +
√

y +
√
y −

√

y −
√

y +
√
y

)

=

Klasicky rozšǐrujeme.

= lim
x→0+

1

x +

√

1

x +
√

1

x − ( 1x −

√

1

x +
√

1

x)
√

1

x +

√

1

x +
√

1

x +

√

1

x −

√

1

x +
√

1

x

= lim
x→0+

√

1

x +
√

1

x +

√

1

x +
√

1

x
√

1

x +

√

1

x +
√

1

x +

√

1

x −

√

1

x +
√

1

x

=

Vytknut́ım
√

1/x v čitateli i jmenovateli a zkráceńım dostaneme

= lim
x→0+

√

1 +
√
x+

√

1 +
√
x

√

1 +
√
x+

√
x3 +

√

1−
√

x+
√
x3

=
2

2
= 1.

14.
lim

x→+∞

x1/3
[

(x+ 1)2/3 − (x− 1)2/3
]

Řešeńı:

Poč́ıtejme. Pokud vám vad́ı zápis odmocnin pomoćı racionálńıch exponent̊u,
přepǐste si jej.

lim
x→∞

x1/3[(x+1)2/3−(x−1)2/3] = lim
x→∞

x1/3·
(x+ 1)2 − (x− 1)2

(x+ 1)4/3 + (x+ 1)2/3(x− 1)2/3 + (x− 1)4/3
=

= lim
x→∞

4x · x1/3

(x+ 1)4/3 + (x+ 1)2/3(x− 1)2/3 + (x− 1)4/3
=

= lim
x→∞

4

(1 + 1

x)
4/3 + (1 + 1

x)
2/3(1− 1

x)
2/3 + (1− 1

x)
4/3

=
4

1 + 1 + 1
=

4

3
.
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