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Teorie

Věta 1 (Vlastnosti o). Necht’ a ∈ R
∗.

(a) Jestliže f1(x) = o(g(x)), x → a, a f2(x) = o(g(x)), x → a, pak

(f1 + f2)(x) = o(g(x)), x → a.

(b) Jestliže f1(x) = o(g1(x)), x → a, a f2(x) = o(g2(x)), x → a, pak

(f1 · f2)(x) = o((g1 · g2)(x)), x → a.

(c) Jestliže f(x) = o(g1(x)), x → a, a limx→a
g1(x)
g2(x)

∈ R, pak

f(x) = o(g2(x)), x → a.

Poznámka 2. 1. Výraz Rf,a
n (x) := f(x)− T f,a

n (x) nazýváme zbytkem po Taylorově

polynomu řádu n.

2. Peanova věta tedy ř́ıká, že f(x)− T f,a
n (x) = o((x− a)n), x → a.

Př́ıklady

Pomoćı Taylorova rozvoje určete následuj́ıćı limity.

1. lim
x→0

cosx− e−x2/2

x4

Řešeńı: Sledujte výpočet.

lim
x→0

cosx− e−x2/2

x4
= lim

x→0

(1− x2

2! +
x4

4! + o(x5))− (1− x2

2 + 1
2!

x4

4 + o(x5))

x4
=

= lim
x→0

1

4!
−

1

4

1

2!
+ o(x) =

1

24
−

1

8
+ 0 = −

1

12
.

2. lim
x→0

ex sinx− x(1 + x)

x3

Řešeńı: Sledujte výpočet.

lim
x→0

ex sinx− x(1 + x)

x3
= lim

x→0

(1 + x+ x2

2 + x3

6 + o(x3))(x− x3

6 + o(x3))− x− x2

x3
=

= lim
x→0

x+ x2 + x3

2 − x3

6 + o(x3)− x− x2

x3

= lim
x→0

x3

3 + o(x3)

x3
=

1

3

1



3. lim
x→0

ax + a−x − 2

x2
, a > 0

Řešeńı: Protože plat́ı ax = ex ln a, je

ax = ex ln a = 1 + x ln a+
x2

2!
ln2 a+ o(x2)

a−x = e−x ln a = 1− x ln a+
x2

2!
ln2 a+ o(x2)

a dostáváme

lim
x→0

ax + a−x − 2

x2
= lim

x→0

1 + x ln a+ x2

2! ln
2 a+ 1− x ln a+ x2

2! ln
2 a− 2 + o(x2)

x2
= ln2 a.

4. lim
x→0

(

1

x
−

1

sinx

)

Řešeńı: Převedeme na společný jmenovatel a rozvineme funkci sinus v čitateli a
uvid́ıme.

lim
x→0

(

1

x
−

1

sinx

)

= lim
x→0

sinx− x

x sinx
=

= lim
x→0

sinx− x

x sinx
= lim

x→0

x− x3/3! + o(x4)− x

x sinx
=

= lim
x→0

(

−
x

sinx

x

3!
+

x2

x sinx
o(x2)

)

= −1 · 0 + 1 · 0 = 0.

5. lim
x→0

1

x

(

1

x
− cotg x

)

Řešeńı: Funkci kotangens naṕı̌seme ve tvaru pod́ılu, převedeme na společný
jmenovatel a zkuśıme nějaký rozvoj.

lim
x→0

1

x

(

1

x
− cotg x

)

= lim
x→0

1

x

(

1

x
−

cosx

sinx

)

= lim
x→0

1

x
·
sinx− x cosx

x sinx
=

Jmenovatel se chová jako x2 sinx ≈ x3, takže zkuśıme čitatel rozvést do třet́ıho
řádu.

= lim
x→0

(x− x3

3! + o(x4))− x(1− x2

2! + o(x3))

x2 sinx
=

= lim
x→0

x− x3

3! + o(x4)− x+ x3

2! + o(x4)

x2 sinx
=

= lim
x→0

x3

3 + o(x4)

x2 sinx
= lim

x→0

(

1

3

x

sinx
+

x

sinx
o(x)

)

=
1

3
+ 0 =

1

3
.
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6. lim
x→0

sin(sinx)− x 3
√
1− x2

x5

Řešeńı: Čitatel muśıme rozvést do pátého řádu. Plat́ı, že

sin(sinx) = sin(x−
x3

3!
+

x5

5!
+ o(x6)) =

= (x−
x3

3!
+

x5

5!
)−

1

3!

(

x−
x3

3!
+

x5

5!

)3

+
1

5!

(

x−
x3

3!
+

x5

5!

)5

+ o(x6) =

= (x−
x3

3!
+

x5

5!
)−

1

3!

(

x3 − 3x2
x3

3!

)

+
1

5!
x5 + o(x6) = x−

x3

3
+

1

10
x5 + o(x6)

Odtud vyplývá

lim
x→0

sin(sinx)− x 3
√
1− x2

x5
= lim

x→0

x− x3

3 + 1
10x

5 + o(x6)− x(1− 1
3x

2 − 1
9x

4 + o(x6))

x5
=

= lim
x→0

+ 1
10x

5 + o(x6) + 1
9x

5 + o(x6)

x5
=

1

10
+

1

9
=

19

90
.

7. lim
x→0

tg x− x

x− sinx

Řešeńı:

Jde okamžitě pomoćı l’Hopitalova pravidla. Taylor ale také ihned dává

lim
x→0

tg x− x

x− sinx
= lim

x→0

x3/3 + o(x3)

x3/6 + o(x3)
= lim

x→0
2 ·

1 + 3 · o(x3)
x3

1 + 6 · o(x3

x3

= 2 ·
1 + 3 · 0

1 + 6 · 0
= 2.

8. lim
x→0

ex
2+x − sinx+ 3 cosx− 4

arctan 3x

Řešeńı: Předně provedeme jednoduchý trik. Plat́ı, že

lim
x→0

x

arctan x
= 1

(jak plyne např́ıklad ihned z l’Hopitalova pravidla). Proto, pokud existuje limita
napravo, plat́ı

lim
x→0

ex
2+x − sinx+ 3 cosx− 4

arctan 3x
= lim

x→0

ex
2+x − sinx+ 3 cosx− 4

x3
· lim
x→0

x3

arctan 3x
=

lim
x→0

ex
2+x − sinx+ 3 cosx− 4

x3
.

Nyńı zkuśıme rozvinout čitatel do třet́ıho řádu. Dostaneme

ex
2+x−sinx+3 cosx = 1+(x2+x)+

(x2 + x)2

2!
+
(x2 + x)3

3!
−

(

x−
x3

3!

)

+3

(

1−
x2

2!

)

−4+o(x3) =

3



= 2
x3

2
+

x3

6
+

x3

6
+ o(x3) =

4

3
x3 + o(x3).

Hledaná limita je tedy rovna

lim
x→0

ex
2+x − sinx+ 3 cosx− 4

x3
=

4

3
.

9. lim
x→0

ex − sinx− 1

x2

Řešeńı: Nejjednodušš́ı je provést dvakrát l’Hopitalovo pravidlo. Nicméně Tay-
lor̊uv rozvoj je také rychlý.

lim
x→0

ex − sinx− 1

x2
=

1 + x+ x2

2 − x− 1 + o(x2)

x2
=

1

2
.

10. lim
x→0

(ex
2

− 1)(sinx− x)2

(cosx− 1)2 sin4 x

Řešeńı: Podle základńıch limit

lim
x→0

sinx

x
= 1, lim

x→0

cosx− 1

x2
= −

1

2

můžeme ihned psát (existuje-li limita napravo), že

lim
x→0

(ex
2

− 1)(sinx− x)2

(cosx− 1)2 sin4 x
= lim

x→0

(ex
2

− 1)(sinx− x)2
(

cosx−1
x2

)2 sin4 x
x4

·
1

x8
= lim

x→0
4·
(ex

2

− 1)(sinx− x)2

x8
=

A nyńı rozved’me čitatel.

ex
2

− 1 = 1 + x2 − 1 + o(x2) = x2 + o(x2)

sinx− x = x−
x3

6
− x+ o(x3) =

x3

6
+ o(x3) =⇒ (sinx− x)2 =

x6

36
+ o(x6)

a dohromady dostaneme

(ex
2

− 1)(sinx− x)2 =
x8

36
+ o(x8)

Odtud vyplývá, že

lim
x→0

4 ·
(ex

2

− 1)(sinx− x)2

x8
= lim

x→0
4 ·

1
36x

8 + o(x8)

x8
=

1

9
.
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11. lim
x→0

2(sinx− tg x) + x3

(expx− 1)(exp(−x2)− 1)2

Řešeńı:

Protože

lim
x→0

expx− 1

x
= 1, lim

x→0

exp(−x2)− 1

(−x2)
= 1,

plat́ı rovnost (existuje-li limita napravo)

lim
x→0

2(sinx− tg x) + x3

(expx− 1)(exp(−x2)− 1)2
= lim

x→0

2(sinx− tg x) + x3

x · (−x2)2
=

což, rozvineme-li čitatel do pátého řádu, dává

= lim
x→0

2(x− x3

6 + x5

120 − (x+ x3

3 + 2
15x

5)) + x3 + o(x5)

x5
= lim

x→0

−1
4x

5 + o(x5)

x5
= −

1

4
.

12. lim
x→0

2arcsin x− tg x− x

2 sinx− arctan x− x

Řešeńı: Např́ıklad z definice Taylorova polynomu můžeme odvodit, že plat́ı

arcsin x = x+
x3

6
+

3

40
x5 + o(x6)

arctan x = x−
x3

3
+

x5

5
+ o(x6)

Odtud dostaneme

lim
x→0

2arcsin x− tg x− x

2 sinx− arctan x− x
= lim

x→0

2
(

x+ x3

6 + 3
40x

5
)

−
(

x+ x3

3 + 2x5

15

)

− x+ o(x6)

2
(

x− x3

6 + x5

120

)

−
(

x− x3

3 + x5

5

)

− x+ o(x6)
=

= lim
x→0

3
20x

5 − 2
15x

5 + o(x5)
1
60x

5 − 1
5x

5 + o(x5)
=

1
60
−11
60

= −
1

11
.

13. lim
x→0

1− (cosx)sinx

x3

Řešeńı: Čitatel muśıme rozvést do třet́ıho řádu. Plat́ı, že

(cosx)sinx = esinx ln(cosx) = e(x−
x
3

3
+o(x3))·(ln(1−x2/2+o(x3)) =

= e(x−
x
3

3
+o(x3))·(−x2/2+o(x3)) = e−x3/2+o(x3) = 1−

x3

2
+ o(x3)

a tud́ıž

lim
x→0

1− (cosx)sinx

x3
= lim

x→0

1− (1− x3/2 + o(x3))

x3
=

1

2
.
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