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Universal quadratic forms

Quadratic form Q(X1, ..., X;) = a11X? + a2 X1 Xo + an X2 + . ..
with ajj € 7

Which integers are represented?

A quadratic form is universal if it represents all positive integers.

Many indefinite forms, eg. X2 — Y2 — dZ? with 4 { d.

More interesting are positive definite forms.
@ No universal positive form in 3 variables
o Lagrange (1770): X2+ Y2+ 2724+ T2
e Ramanujan, Dickson (1916): classified quaternary universal positive
diagonal forms, eg. X2 +2Y? 44272 + dT? with d < 14

290 Theorem (Bhargava—Hanke 2011)

A positive definite quadratic form over Z is universal <=
it represents 1,2,3,...,290.

Vitezslav Kala (Prague) Universal quadratic forms over number fields 3/22



Quadratic forms over number fields

K = totally real number field
O = ring of integers in K

Quadratic form Q(Xl, - ,Xr) = 311X12 + a1 X1 Xo + 322X22 + ...
with a;; € O is universal if

@ it is totally positive definite and

@ represents all totally positive elements of O

How about sum of squares X2 + X3 + - -+ + X?2?
Siegel (1945): Universal only for

o K=Q r=
o K=0Q(WB) r=3

More general universal forms exist over any K
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Universal forms

Questions.

© Kitaoka's Conjecture: There are only finitely many K with universal
ternary form

@ How does the minimal number of variables r depend on K?
@ Is there a variant of 290 Theorem?

Previous results.

e Earnest-Khosravani (1997): no ternary universal forms over fields of
odd degree

e Chan-Kim—Raghavan (1996): Determined all ternary universal forms
over quadratic fields Q(v/D) (only D = 2,3,5)

o Kim (1999): 8-ary universal form over each Q(v/n? — 1)

o Kim-Kim-Park (2021): only finitely many Q(v/D) admit 7-ary
universal forms
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© Large ranks of universal forms
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Real quadratic fields

D > 1 squarefree, D = 2,3 (mod 4)
K =Q(vD)
O =7Z[VD]={a+bVD|abecZ}

Want to represent totally positive elements:
Of={acO|a=a+bVD>0,d =a—bVD>0}.

Notation: a = B iff a« — 3 € OF

Theorem (Blomer-K 2015, K 2016)
For each M there are infinitely many Q(v/D) with no universal M-ary form.

Want to explain main ideas behind proof
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Tool 1: Indecomposable elements

a € OF is indecomposable if a # 5+~ for B,v € OF
Seems to be the key notion for studying universal forms!

Every unit ¢ € O is indecomposable:

1=N(E)=NB+7)=(B+7) (B+7) -
= BB +vy = N(B) + N(v) > 2

Why useful?
Q(X1,..., X)) = a1 X? + axX? + - - - + a,X? universal diagonal form
o= alxl2 + azx22 + -+ a,x,2 indecomposable

2

Thus o = a;x; is essentially one of the coefficients!
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Tool 2: Continued fractions

Periodic continued fraction

1
VD = [ug, u1, up, ..., us_1,2u0] = tp + ——7—
L+

Convergents % := [uo, u1, 2, . .., uj] to the continued fraction give
@ good approximations % to v'D and

e indecomposables, eg a; := p; + giv/D (for odd i)
Recall: as_1 = fundamental unit

Explicitly,
Qjr i = Qj+ roggs forodd i, 0 < r < Ujyo
are all indecomposables

Theorem (Hejda-K 2020)
The additive semigroup O (+) uniquely determines the real quadratic

field K = Q(v/D).
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Tool 3: Minimal vectors of O-lattices

Quadratic O-lattice (L, Q):
o L~0OF
o @ : L — O totally positive quadratic form on L

Corresponds to usual quadratic forms, but don’t need to worry about
change of variables

In Z-lattice, minimal vectors are important, ie
v € L with minimal Q(v) > 0.

Eg. kissing number = maximal possible number of minimal vectors in L
of given rank r

How to define minimal vectors in general?
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Tool 3: Minimal vectors of O-lattices 2

How to define “minimal vectors” in general?
Compose with trace!
TroQ: L—7Z

More generally,
codifferent OV := {6 € K : Tr(60) C Z}
For 6 € OY" and 0 # v € L have Tr(6Q(v)) € Z>o

= can take vectors v with Tr(§@Q(v)) minimal,
ideally Tr(6Q(v)) =1

v “minimal” (for some §) = Q(v) indecomposable
Converse holds in quadratic fields (K-Tinkova), not in general
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Theorem (Blomer-K 2015, K 2016)

For each M there are infinitely many Q(\/B) with no universal M-ary form.

Proof by K-Tinkova (2021):

Take \/5 = [UO, uy,up,...,Us1, 2u0]

For fixed odd /, have u := ujy> indecomposables «; ,
and uniform ¢ such that Tr(dc; ) =1 for all r

Let (L, Q) be universal O-lattice of rank R

= have o, = Q(v;) for v, € L
Tr(dQ) gives Z-lattice of rank 2R

with u vectors of length 1 (corresponding to v;)
Kissing number estimates = R > \/u/2

Suffices to find D with eg vy large to finish proof
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© Estimating ranks more precisely
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Constructing universal forms

VD = [ug, uz, g, - - -, Us_1, 2]

S = (finite) set of all indecomposables o
up to multiplication by squares of units

2 +us+ -+ us—1) if s is even

Up :=#S =
b= {2uO+U1+u2—|—---+u51 if s is odd

Theorem (Kim 1999, Blomer-K 2018, K-Tinkova 2021)

2 2 2 2 2
20 (le T )t Xaj X ij)
o€S

is universal and has 5Up variables
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Sums of coefficients

Up— s = d Aur Tt Fues)  ifsis even
2up+ur+up 4o+ usy if sisodd

How large is Up? Can we get a corresponding lower bound on rank?

Theorem (Blomer-K 2018)

@ Each diagonal universal quadratic form has at least CU[, variables,

where U, is the same sum of u; as Up, but only over coefficients
uj > Dt/8+e,

o Up < cv/D(log D)?
o Ifs is odd, then U3, > \/D.

Expect (very imprecisely) Up =~ Uj ~ @(—H/ﬁ if s is odd)

Indecomposables roughly correspond to principal ideals of norm < /D,
should have v/D/h of them
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Higher degrees

K totally real number field of degree n over Q
m(K) = minimal number of variables of universal form

Complicated, because continued fractions don't work.
Partial results on large number of variables:

e Yatsyna (2019): n=3
o K-Svoboda (2019): n =2k
e K (2021): n divisible by 2 or 3

Theorem (K-Tinkova 2020)

Let a > —1 and consider simplest cubic field K = Q(a) with
a® —aa? — (a+3)a—1=0 (and a* + 3a + 9 squarefree). Then

vVaz+3a+8
3v2
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Lifting problem
O Lifting
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Lifting problem

Z-form = positive definite form with Z-coefficients
Q(Xl, .. ,Xr) = 811X12 + a1 X1 Xo + 822X22 + ... with ajj € Z

Question. (The lifting problem)
Can a Z-form be universal over K?

Siegel: sum of squares NOT, unless K = Q or Q(+/5)

Theorem (K-Yatsyna 2021)
K = totally real number field of degree n with a universal Z-form.
o Ifn=2, then K = Q(\/5).
e Ifn=3,4,5,7 and K has principal codifferent ideal, then
K=Q((r+ ) (where G = €*'/7)
o X2+ Y2+ 2722+ W24 XY + XZ + XW s universal over Q((7 + C{l))
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Tool 4: Zeta functions

Dedekind zeta-function:

1 1
Ck(s) :Z N(I)s :H NP for real part of s > 1
] P

Siegel (1969): formula for (x(2) as a sum of trace 1 elements
(for n=2,3,4,5,7):

Ck(2) = (—1)"72"2" b, | Ak |72 DT o((a)(0)) )
aGOX’Jr,Tr(a):l

Used to prove our Theorem (K-Yatsyna)
X2+ Y24 Z2 4+ W2+ XY + XZ + XW over Q&7 + G 1)
is the only form in its genus

In higher degrees n, (x(2) involves also elements of trace 2,3,...
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Weak Lifting Problem

Theorem (K-Yatsyna 2021)

For each m, n, there are at most finitely many totally real number fields K
of degree n with a Z-form that represents all of mO™.

Sketch of proof.
||| = max,(|o(a)|) for o : K — R

@ There is k such that kQ is sum of squares of linear forms
= suffices to prove for sum of squares X12 ok X2

e E C K subfield generated by all elements o € K s.t. ||a]| < X
only finitely many such o« = finitely many possible E

@ can assume E C K;
let 5 € O\ E have smallest ||5]| =Y > X

o mk(B+N)=aif+ --+a? somea;¢E
e 3mkY > ||mk(B + N)|| > ||i||? > Y?, contradiction
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Kitaoka's Conjecture

Conjecture. There are only finitely many K with universal ternary form

Theorem (K-Yatsyna 2021, “Weak Kitaoka")

For each n, there are at most finitely many totally real number fields K
of degree n with universal ternary form Q.

Basic idea.
Q represents 1,2, ...,290
Excluding finitely many K,
this representation is over a proper subfield £; C K.
Consider corresponding subform @ over E;

Two possibilities:
a) @1 is universal ternary over E; = can use Weak Lifting Theorem
b) else consider representation of “290-set” for E;
again over a proper subfield £y C E; C K
Continue to get finite list of possibilities for K
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Thanks for your attention!

Jgdlq
ma3]

Joyeux anniversaire,
professeur Waldschmidt !
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