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Section 1. More on Ranks and Quantiles
: 1-1. Some more applications of Ranks and 
quantiles
: 1-2. Executive Stock Options

In 1-2, I will give some comments on a recent work.

Ishii and Fujita 
(2010 APFM, published online 2009)

“Valuation of a Repriceable Executive Stock Option”

:***************************

: My comment is that it is possible to use Ranks to determine a 
payoff. 

There, we can utilize a convenient probabilistic property of Ranks.



: 1-1. Some more applications of Ranks and 
quantiles

Brownian quantiles
: represent Level of path relating to an occupation time.

Rank
: is not a level of a path, but an occupation time. 

Invariance property of Rank.

: Probability distribution of Rank does not depend on the (level 
of ) initial value S0 .



Designing Exotics
: (1). Determining a knock-out condition.

[0,T] .  S starts from time 0.

A bar at the level A.       A>0.

τ= the first time St hits the level A from below.

We should like to appreciate an early hittings (arrivals).

Then, let α=τ/T , and look at M=m(1-α,[τ,T]) to define a conditional 
exotic pay-off as ; “ Win  if  M>A ”.     

Note that if α is small, then 1-α is large, and M>A  means S can relax.

({win a predetermined pay-off }I{M>=A}
+{lose}(I{M<A}) I{τ<T}+{lose}I{τ>T})

This will make the case of early hitting easier to win.

We can set a time deadline T0,  0< T0 < T, or τ, and 

look at Ｍ on [τ ,T]. Make it that one does not obtain the right to receive a 

pay-off if S does not hit the level A by the time-deadline. 

What can be a Pay-off ?  Well, any.
Also one can use ranks R(ST :[τ,T]) to determine the pay-off.



Note : the probability distribution of m(1-α,[τ,T]) withα=τ/T will be 
calculated by applying the above explained mathematical results/procedure.
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: (2). Corridors. (Another Stochastic Corridor)

0 < T0 <T1 .  Contract is made at time 0.

Fix α at time 0.

Use m(α,[0,T0]) for the level of corridor on [T0 ,T1 ]. 

And look at 
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This is another stochastic corridor since the level of corridor is stochastic 
at time 0 (this remains stochastic until time T0).

This is actually comparing m(α,[0, T0]) with m(α,[ T0 ,T1]).

Or, looking at the difference of the two.
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The probability distribution can be derived, in a similar way, 

by taking the conditional distribution function of, 

, 

given the value m of m(α,[0, T0]), 

then, by integrating it with the density of m(α,[0, T0]) over [0,∞].
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Also for [T ,T ],  where 0<T <T <T ,

Represent the random variable or the events as follows;
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: (4). α.   
Use the magnitude of α and Rank to judge the 

percentile level of S during a concerned (first) time 

interval.

0 < T0 <T1 .  
Contract is made at time 0.

Fix α at time 0.

Compare R(ST0 ,[0, T0]) with α,
And then let pay-off  be determined via m(α*,[ T0, T1]) , 

where α*= max {α, R(ST0 ,[0, T0]) }.

Note that R(ST0 ,[0, T0]) >α means  ST0 > m(α,[ 0, T0 ]) .

This may be issued for investors who expect the stock 

price S to go up in the second time interval [T0 ,T1 ] as 

“R(ST0 ,[0, T0]) >α” may indicate so (?).



Homework

Describe an outline of calculation for the price of 
the security in the above page. 

You do not have to calculate everything, but you 
can end in an integral form as a final form, such as 
the ones shown in the slides ( 1st. & 2nd week of 
this lecture ). I think that is what we can do at 
most for now.



Required to derive Probability Distributions of quantities and/or events 
;… in order to utilize Occupationtime F(K), Brownian quantiles and ranks

: [1] m(α) minus m(β). 

A difference of two quantiles; m(α) and m(β). (Fujita( 2000))

: [2] Definitions for defaults, and use it for setting a condition to win (or 
lose) a right for a pay-off of Knock-In and Knock-Out-type derivatives. 

: Fujita, T. and Miura, R.(2002).   : Fujita, T. and Ishizaka, M.(2002). 

[3] Joint Distributions of two α-quantiles for two time intervals. Also that 
of two Ranks for two time intervals. 

:Miura,R., Fujita,T. and Kamimura,S. (2005) . Presented at QMF05.

They have given the joint probability distribution of two α-quantiles over 

the two overlapping intervals  [T1,T2] and [T0,T2](= [T0,T1]+ [T1,T2])

We need more probability distribution theory to develop along with this 
line.





1-2. Applications to Exotic Stock Option

Following Ishii and Fujita(2010),

I propose another design of Stock Option 
in order to appreciate an effort of 
managers of the company.



Stock Options and alikes
:Stock options counts the amount of payoffs in terms of a number of 

shares(stocks), whereas “alikes: stock option-like” measures in other terms 
such as days with multiplying by a constant (in terms of money units).

Framework of Typical Stock Options.
: Underlying variables. (stock price of the firm)

: Time intervals; [0,T0] and [T0, T1]. (Option be issued at time 0.)

: Condition for stock price level

(stock price of the firm should hit a level L at least once during [0,T0] .)  

(We modify this condition to utilize our nonparametric statistics.)

:Exercise type. (if the condition is satisfied, an option holder can exercise any 
time during [T0, T1].)  

PAYOFF is I{ max(Xu :uє[0,T0 ])>L}max{ St-K,0} ,where t is the time of exercise 
and K is the exercise price.  (This is an American-type option . But today we 
talk on an European type which can be exercised only at T1 for simplicity.)

We also replace T0 by a stopping time τ for some cases.



Using a stopping time τ to start counting for Payoffs.

*0, T+ and 0 ≤ τ ≤T

We can work on only one underlying variables , by setting

Stock price condition be : For an occupation time of the stock price to stay 
above a certain level L should be long enough, say , once it hits a certain 
length M then it stopps (at time τ) and a new counting starts. [0, τ] and [τ, T].

Then, payoff can be given in a way where one can use a Rank (Sτ [τ,T]). 

Payoff  at an exercise can be {1- R(Sτ :[τ,T])}xConstant , in order to appreciate 
the management for keeping the stock price high, which may imply enough 
dividend being given to stock share holders.

PAYOFF function is {1- R(Sτ :[τ,T])}xConstant where τ=inf{t: F(L: [0,t] ) > M/T}.

Now, we may work on two underlying variables such as the case in Ishii and 
Fujita (2010) where the second stochastic process is a Market index which 
represents a level of economy (economic activities). 



Ishii and Fujita 
(2010 APFM, published online 2009)

“Valuation of a Repriceable Executive Stock Option”

Their idea is to appreciate an effort of management 
during a period of economic recession.







Comments 1 : Using Brownian quantiles and Ranks to 
make a device on Design of stopping time.

Ishii and Fujita use hitting times of X1 and X2 to define a stopping time. It is 
fine.

Here, we can define a stopping time from other viewpoints with Ranks and 
Brownian quantiles.

: [1] First t such that X1(t)< M1 be τ. 

Then, use {Rank of X2(τ) in time interval [τ, T]})  and give some care of 
max{(X2(τ)- K),0}. 

Note that a probability distribution of rank does not depend on the level of 
X2(τ), and probability distribution of (X2(τ)- K) can be obtained from joint 
distribution of (X1(τ), X2(τ)) under the condition of X1(τ)=M1 and probability 
distribution of τ which is a well known hitting time of a Brownian motion.

PAYOFF function is {1- R(X2 (τ ):[τ,T])}xConstant where τ=inf{t: X2 (t)> M}.

Some care may be possible, for example, add max{(X2(τ)- K),0} to make 
max{(X2(τ)- K),0}+max{X2 (T)–X2(τ),0} or give 

max{(X2(τ)- K),0} + [multiple of {1-Rank of X2(τ)}] 



Define a stopping time based on an 
occupation time under a prefixed level.

Then, define a Payoff as in the above：

max{(X2(τ)- K),0}+max{X2 (T)–X2(τ),0} or give 

max{(X2(τ)- K),0} + [multiple of {1-Rank of X2(τ)}]

A recent research has proved that a probability density function of a stopping 
time is available for Ornstein-Uhlenbech process as well. So we can used 

Ornstein-Uhlenbech process in this framework, for defining a stopping time 
on an interest rate.  
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In general, 

τ can be any as long as its probability distribution is known.

As long as the distribution of stopping time τ is known, 

the probability distribution of 

{Rank of X2(τ) in time interval [τ, T]}) 

can be given(calculated) and

it does not depend on the value of X2(τ).



Comment 2: Applications .
Another situation for a second Example.

X1(t):economy of a country (say,US).
X2(t): currency exchange rate of Japanese Yen to US-dollar.

Time Interval [0,T]

Now set a boundary A that is higher than X1(0).
If X1 hits the Level A (economy of the country US  is recovered: Japanese Yen  
tends to become weaker against US Dollar;X2 higher), start, at the time τ of 

hitting, a stochastic corridor 
(1-{Rank of X2(τ) in time interval [τ, T]})  where τ=inf{t:X1(t)>A} .

:{1-Rank(X2(τ);[τ,T], X2)}.
Let the pay-off be {a constant Yen amount)x{1-Rank(X2(τ);[τ,T], X2)}.

This pay-off will save an importing company in Japan by hedging against weak 
Japanese Yen.

:***************************
In order to design it for exporting Japanese company, we can replace (1-rank) 

with rank in the above setting.





Section 2. Value at Risk

: Statistical models.
: Shape of distribution.

Normality,  Non-Normality and Nonparametric.

: iid (time-independent) and non iid(time-dependent).















Normality provides "summability" of estimated parameters.

i.e. estimated parameter of portfolio can be obtained from the estimates 

of each assets included in the portfolio.









































Equally weighted 

compound Poisson

Exponentially weighted

Compound Poisson

Look at 

the solid Line







Remark (worry) on Accuracy



They can be safe if  is zero.

But, it is not so, I am afraid.
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Testing if Log ratios are i.i.d.

BDS statistics

log(St+1/St), t=1,2,….



The following definition of BDS statistics

is borrowed from this paper.









SP500 arround 0

TOPIX(Japanese stock index)

far above 0, but less than 1.65





Section 3. Commodity linked Bond

Miura & Yamauchi (1998)

Probability of Default.

Linear SDE and its Solution.







Pay-off of commodity bond.

Min{ V ,  F+max{S ,0}}

where 

V  , t [0, T], is the value of a firm which issues this bond.

F is a face value of bond 

which the firm pays to the bond holder at time T.

S  is the

T T

t

t

K



 spot price of the underlying commodity.

 is a level such that a coupon amount max{S ,0}

 will be added to F at time T.

TK K







What Does Backwardation Mean?

A theory developed in respect to the price of a futures contract and the 

contract's time to expire. Backwardation says that as the contract approaches 

expiration, the futures contract will trade at a higher price compared to when 

the contract was further away from expiration. This is said to occur due to the 

convenience yield being higher than the prevailing risk free rate. 

( )

Futures contracts

Spot price S  and Futures price F .

In theories for no-arbitrage markets,

 E[S S ] S  =F  if r is constant.

But if the commodity is .......( Oil in 1992, for example)  

t t

r T t
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Derivation of Closed from pricing formula

of Commodity linked Bonds.

Using the Standard PDE approach 
explained last week.

Case : assuming Interest rate r is constant.

The case of stochastic interest rate r is 
shown in section 4 of the paper.







Let the parameters be constant.

Let the interest rate r be constant.

The case of stochastic interest rate can be worked out.

It is done in the section 4 of this paper.





Assumptions on the parameters.

so that the assets in this market have distinguishable stochastics.

The following 's are defined in the next slide.



Standard PDE approach (recall from the last week's lecture)

We used Ito stochastic defferentials.





Recall the arguments, from last week, 

for "Riskless" portfolio and no-arbitrage.

We use a linear equation to derive "riskless" portfolio weights ;

variance(stand. dev.) terms be zero and portfolio weights sums to 1.

Also another linear equation to set "Drift" terms equal to interest rate r



Our commodity linked bond has Pay-off  .

Min{ V ,  F+max{S ,0}}.

Boundary condition B(V ,S ,0,0) Min{ V ,  F+max{S ,0}}

T T

T T T T

K

K



 



Note that the coefficients in PDE correspond to 

drift and variance in the corresponding SDE.
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( )

Substitute the following A,a, and G into the solution in the next slide.
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Note: Here, we need to solve the linear SDE.

Solution form is given in a text book(Arnold's,for example).

Or, you can just differentiate (stochastically) the solution,

then you will see that it satisfies the SDE. 

Note that the third term in a form of stochastic integral is a random variable 

with a zero-mean normal distribution.











Area :
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Numerical aspects of 

Bond prices and

Probability of default































Appendix.

Taken from Miura&Yamauchi (1998).

If you want to read a scanned pdf file, please 
let me know.



Appendix: On Convenience Yields

Some explanation

















Appendix. Subsection 4.2 of the paper

Derivation of the PDE

The case where interest rate is not constant.

But it follows Ornstein=Uhlenbech process.

Very much the same argument as the case of 
constant interest rate as long as mathematical 
argument concerns.









Appendix 

Subsection 4.3.

Detailed derivation of joint 
distribution.







Here, we need to solve the linear SDE.

Solution form is given in a text book(Arnold's,for example).

Or, you can just differentiate (stochastically) the solution,

then you will see that it satisfies the SDE. 







For further details, please see the paper.

After some calculus, we arrive at the following.


