3. soutézni série

25.3.2024

Uloha 1. Najdéte nejmensi kladné realné é&islo r s nasledujici vlast-
nosti: Pro libovolnou volbu 2024 jednotkovych vektord vy, ve, . .., v2024 €
R? existuje v roviné bod p takovy, Ze pro kazdou podmnozinu S mnoziny
{1,2,...,2024} lezi vektor Y, g v; v kruhu {z € R? : ||z — p|| < r}.
(10 bodu)

Uloha 2. Najdéte vSechny funkce f : Z — Z, pro néz ¢isla

n, f(n), f(f(n)),-.., " (n)

dévaji po dvou razné zbytky modulo m, a to pro libovolnou dvojici
(n,m) celych ¢isel, m > 1. (10 bodu)

Uloha 3. Necht B je mnozina vSech piirozenych &isel, v jejichz desit-
kovém zapise se nevyskytuje ¢islice 9. Urcete

inf {p € R"| > neB # konverguje} :
(10 bodu)

Uloha 4. Hra dvou hra¢a za¢ina s jednou tyckou délky 1 a &tyfmi
tyckami délky 4. Hraci se stfidaji v tazich, pficemz tah spoéiva v roz-
lomeni jedné tycky na dvé mensi s celo¢iselnymi (kladnymi) délkami,
nebo odstranéni n tycek délky n (pro nékteré n € {1,2,3,4}) ze hry.
Hrac, ktery nemiize hrat, prohral. Ktery hra¢ ma vyhravajici strategii?

(10 bodu)
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Problem 1. Find the smallest positive real number r with the following
property: For every choice of 2024 unit vectors vy, vs, ..., V2024 € R?,
a point p can be found in the plane such that for each subset S of
{1,2,...,2024}, the sum Y, g v; lies inside the disc {z € R? : ||z—p|| <
r}. (10 points)

Problem 2. Find all functions f : Z — Z such that the numbers

n, f(n), F(£(n), ..., "~ (n)
are distinct modulo m for all integers n, m with m > 1. (10 points)

Problem 3. Let B be the set of all positive integers that do not contain
digit 9 in their decimal representation. Determine

inf {p € RT | 3", .5 & converges} .
(10 points)

Problem 4. A game of 2 players starts with one stick of length 1 and
four sticks of length 4. The players move alternately. Each move con-
sists of breaking one stick into two smaller ones with integer (positive)
lengths or removing n sticks of lengths n (for some n € {1,2,3,4}). A
player that cannot move has lost. Which player has the winning stra-
tegy? (10 points)
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