3. domaci série

Ulohy budou pfedvadény na seminéfi 8. 4. 2024

Uloha 1. Necht je ddna spojita funkce f : [a,b] — R a koeficienty
c1,c2 > 0. Ukazte, Ze existuje x € (a, b) spliujici

C1 C2

fz) =

a—x b—2za

Uloha 2. Ozna¢me P mnoZinu viech bod v roviné a L mnozinu vSech
pfimek v roviné. Ukazte, Ze neexistuje bijekce f : P — L takova, Ze
obrazy kazdé trojice bodu lezici na jedné piimce jsou bud navzédjem
rovnobézné a nebo maji jeden spoleény prinik.

Uloha 3. Bud z, y, z kladna realna ¢isla. Dokazte, Ze

Y + Yz + 2x 3
r? 4+ y? + 222 y? + 2% + 22 224 a? 22 T 2

Uloha 4. Bud A, B € M, (C) matice spliujici A2B + BA? = 2ABA.
Ukaite, ze (AB — BA)* = 0 pro né&jaké k € N.

IN

Uloha 5. Necht body A1, As, ..., A,11 € R? nelezi v jedné nadroviné
a necht B € R" lezi ve vnitiku konvexniho obalu Ai, A, ..., Apy1.
Ukazte, ze ZA; BA; > 90° plati alespoii pro n dvojic 1 <7 < j <n+1.

Uloha 6. Bud 7(n) pocet délitelit n a T(n) pocet pfirozenych éisel
k < n takovych, ze 7(k)|k. Dokazte lim,, % =0.
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3rd home series

Solutions will be presented at the seminar on April 8, 2024.

Problem 1. Let f : [a,b] — R be a continuous function and let ¢;, co >
0. Show that there exists = € (a,b) satisfying

C1 C2

fz) =

a—x b—2za

Problem 2. Let P be the set of all points in plane and let L be the
set of all lines in plane. Show that there is no bijection f : P — L such
that images of any triplet of points are either parallel or concurrent.

Problem 3. Let x, y, and 2z be positive real numbers. Prove that

Ty n Yz " 2T <§
22+ y2 4+ 222 Y2+ 22 + 222 224 a2 4292 2

Problem 4. Let A, B € M,(C) be matrices of order n satisfying A2B+
BA? = 2ABA. Show that (AB — BA)* = 0 holds for some k € N.

Problem 5. Let A, Ag, ..., Ap+1 € R” be points not belonging to one
hyperplane and let B € R"™ belong to the interior of the convex hull of
Ay, Ag, ..., Aptq. Prove that ZA;BA; > 90° holds for at least n pairs
1<i<j<n+1.

Problem 6. Let 7(n) be the number of divisors of n and let T'(n)

denote the number of natural numbers & < n such that 7(k)|k. Prove
) o,

hmn—>oo n
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